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Abstract

Spectral methods rely fundamentally on the stability of principal eigenspaces under ran-
dom perturbations. Classically, this stability is quantified by the Davis-Kahan and Wedin the-
orems, which bound the eigenspace error using the operator norm of the noise and the relevant
spectral gaps. While these worst-case bounds are sharp for arbitrary deterministic perturba-
tions, they can be wasteful in the low-rank signal-plus-random-noise setting, as they fail to
capture the fine-grained interaction between the signal geometry and the noise distribution.
In this paper, we study the spectral perturbation of signal-plus-noise matrices corrupted by
sparse, random noise with an arbitrary, inhomogeneous variance profile. We demonstrate that
under heterogeneous noise variances, the empirical eigenvectors suffer a systematic, deter-
ministic geometric bias that is entirely invisible to classical perturbation bounds. By leverag-
ing the Quadratic Vector Equation (QVE) and establishing fine-grained isotropic local laws,
we derive near-optimal, non-asymptotic perturbation bounds for the leading eigenspaces in
the operator and 2 — o0 norms. The bounds separate the usual signal-to-noise contribu-
tion, stochastic fluctuations, and structured geometric bias terms determined by the alignment
between the signal eigenspaces and the row-wise variance profile.

1 Introduction

Spectral methods are a basic tool for extracting low-dimensional structure from high-dimensional
noisy data. In many statistical and network models, the observed matrix consists of a low-rank
signal corrupted by random noise with independent but non-identically distributed entries. Clas-
sical perturbation theory, including Weyl’s inequality and the Davis-Kahan-Wedin sin © theorem,
bounds the error in empirical eigenspaces using the operator norm of the noise and the spectral
gaps. However, when the signal is low-rank and the perturbation comes from random noise, these
worst-case deterministic bounds are inherently conservative. While recent work has developed
refined bounds that exploit stochastic structure (discussed further in Section 4), we identify a key
feature of heterogeneous random noise: the variance profile creates a systematic geometric bias
in the empirical eigenvectors. Even when signal directions are orthogonal in the standard inner
product, they may not be orthogonal with respect to the variance-weighted inner product induced
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by the noise. This paper develops non-asymptotic eigenspace perturbation bounds that separate
three distinct contributions: the standard signal-to-noise ratio, the random fluctuations controlled
by isotropic local laws, and the deterministic bias induced by the variance profile.
Our model is
A=A+E,

where A € R™ " is a deterministic matrix with rank r, representing the signal, and F is the
random noise. Denote the eigen-decomposition of A as A = UAUT = Y'_| A\ju;u] where the
non-zero eigenvalues of A are ordered algebraically:

)\12...2/\7"_

The ordered eigenvalues and their corresponding eigenvectors of A are denoted as Xi, u; for 1 <
1 < n.
Let
ry o= #{j: \; >0}, r_i=r—ry,

so that
Mz 2, >0> M 1= = A

In the main text we focus on the right-edge outliers and the top-k (1 < k < r4) positive signal
eigenspace and its perturbed counterpart

The left-edge (negative-spike) case is entirely analogous and follows by applying the same argu-
ment to —A (see Remark 2.1). Denote A, = diag()\1,..., \;) and define Kk analogously. For
any index set J < [r], Uy denotes the submatrix of U with columns indexed by .J.

We impose the following assumptions on random noise £

ASSUMPTION 1.1 (Structural assumption on the noise). Let E be an n x n symmetric random
matrix with independent centered entries (up to symmetry) and variance profile . = (Ugj)lgi’jgn
where E(EZZJ) = U%. Assume there exists a parameter K > 1 such that the sub-Gaussian norm™
of each entry satisfies:

| Eijly, < Koij.

Equivalently, we can write E;; = 0;;§;; where the random variables &;; have mean 0, variance 1,
and satisfy max; j [&ijlly, < K.
Let 0ax := max; j 0;; > 0. We further assume that there exists a parameter (3 > 1 such that
E|Ey|® < BK 2
| 'Lj| = ﬁ Omax Uij7
*The sub-Gaussian norm is of a random variable X is defined as || X ||y, := inf{t > 0 : E(exp(X?/t?)) < 2}.In
particular, P(| X | > t) < 2exp(—t*/| X |37, ). See [78] for details.

E|E;|* < B2K%02,, o? (1.1)

max “ij*




REMARK 1.1 (The role of 3). The parameter (8 is introduced to prevent artificial logarithmic
losses in sparse regimes by decoupling the moment controls from the sub-Gaussian norm K. Re-
lying solely on K, a standard truncation argument yields:

E|E;P < C\/log(eK)Komaxoy,  E|Ey|* < Clog(eK)K?02, 07

OmaxTijs

which corresponds to taking 8 = +/log(eK). For a sparse centered Bernoulli(p) variable §, K <
p~ Y2, This crude bound introduces a penalty of = +/log(1/p). However, direct calculation
shows E|¢2, E|¢|* < 0. The condition (1.1) thus holds with 3 = O(1), avoiding the unnecessary
logarithmic loss.
Although the parameter (3 in (1.1) is allowed to depend on n, it should be understood as an
effective moment parameter, chosen as small as possible. Under the sub-Gaussian assumption
alone, the standard truncation argument shows that one may always take 5 < +/log(eK).

The spectral behavior of the noise matrix F' is governed by the maximum row -wise variance

Riax := max; ». j JZ-Qj and the maximum entry-wise variance afnax := max; ; 0;;. To capture the

heterogeneity of the noise profile, we also define the variance oscillation parameter
OSC(R) = Rmax — Rmina

where R, := min; 2 a . While R,,.x and O'max control the standard operator norm bounds,
osc(R) specifically quantlﬁes the geometric bias on the eigenvectors. For homogeneous or regular
networks where osc(R) =~ 0, this deterministic bias vanishes.

Let us denote R; := Z?=1 afj. Define the diagonal matrix

R :=diag(Ry,...,Ry)
and the geometric bias matrix
V:=UTRU = (u] Ru;)1<i j<r (1.2)

The diagonal term V;; = ui Ru; = >, u;(k)2 Ry, records the effective variance seen by u;. The
cross term V;; = ulRu; = Y., u;(k)u;(k)Ry captures the geometric bias. Even wu;,u; are
orthogonal, they are generally not orthogonal with respect to the inner product induced by the
heterogeneous noise weights R.

ASSUMPTION 1.2 (General sub-Gaussian regime). Fix D > 0, we assume
\/@ > Co(D + 8)Komaxlogn and M < Rmax
for a large absolute constant Cy > 0.
For specific noise distributions, we can weaken the first condition in Assumption 1.2:

ASSUMPTION 1.3 (Bounded sparse-entry regime). Fix D > 0. Suppose that there exist absolute
constants cq, By > 0 such that

max |Ejj| < coKomax  almost surely and B < Bo.
0.

In this regime, we assume only

v/ Ruax = Co(D + 8)Komax/logn and M\ <R3,

for a large absolute constant Cy > 0.



REMARK 1.2 (On the auxiliary Assumptions 1.2 and 1.3). The first condition in both assump-
tions prevents any single maximal entry from dominating its row sum. Under this condition, our
estimate (see Lemma 5.4) yields |E| < 3v/Rmax with high probability, thereby guaranteeing a
macroscopic signal-to-noise separation (A, = 3||E|) for any supercritical spike A, = 9v/ Rimax-

For Assumption 1.2, the condition \/Rimax = CoK omax logn is established using the sharp
matrix concentration bounds of Bandeira and van Handel [14] combined with a standard trun-
cation argument (see Lemma 5.4). By contrast, Assumption 1.3 relaxes this sparsity requirement
10 v/ Rumax = CoKomaxr/1ogn. This improved rate follows directly from [14, Corollary 3.2]
and Talagrand’s concentration inequality. The weaker condition \/ Ryax 2, Komaxy/1ogn in As-
sumption 1.3 is also available for real symmetric sub-Gaussian entries by the recent sharp matrix
concentration results [28, Theorem 1.6].

Both assumptions naturally capture sparse regimes. For example, in a stochastic block model
with edge probabilities of order p, one has Riyax = np, Omax = /D, and for centered Bernoulli
noise, K < pil/ 2. Under Assumption 1.2, the condition becomes p 2 log2 n/n. Under the
bounded sparse-entry regime in Assumption 1.3, it improves to p 2 logn/n.

The second condition \y < R3 . excludes ultra-strong signals and is imposed simply for
technical convenience. When a population spike is massive, i.e., A\, > R .. = | E|°, its empirical
counterpart )\, exhibits negligible fluctuations, and the Green’s function G(z) = (21 — E)~!
near z ~ Xk is dominated by »~ 1. Eigenvector perturbations in this regime follow directly from
Neumann series expansions. Since this requires different, simpler arguments and is not our main
focus, we exclude it; see [83] for a treatment without this upper bound.

For technical convenience, we assume the polynomial regime

100 -1

100
max :

Rupax <n and o <n
The exponent 100 is arbitrary and can be replaced by any sufficiently large fixed constant. This
condition is an extremely mild requirement that covers essentially all statistical models of interest.
For example, in random graph models with bounded edge weights, we have Ry,.x < n. In heavy-

tailed matrix models, entries are typically truncated at level n¢ and Rpa < n2¢H1.

Define the spectral gap

5 e Ak = Mgyl ifk <ry;
TN — 37 R, ifk =1

With the convention that dg := +c0.

We first state two simplified consequences of our main theorem. These statements are intended
to display the dominant scales without the full block notation. Theorem 1 concerns an individ-
ual outlier eigenvalue and eigenvector, while Theorem 2 concerns the top-k positive eigenspace.
The precise non-asymptotic result, Theorem 3 in Section 2, keeps the structured variance-profile
couplings between different signal eigenspaces.

We use the standard principal angle notation. For two matrices U, V € R™** with orthonormal
columns, the principal angles 1, . . ., 0 € [0,7/2] are defined by ;(UTV) = cos §;. We write

sin Z(U, V') = diag(sinfy, .. .,sinf),
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so that
|sin (U, V)| = (I —UUT)V|.

When discussing subspaces, we identify U and V' with their column spaces. For & = 1, this

reduces to the usual sine of the angle between two vectors. See [83] for further discussion.

THEOREM 1 (Individual eigenvalue and eigenvector perturbations: simplified version). Fix D >
0. Under Assumptions 1.1 and 1.2, suppose that \i, with k € [r] is a simple eigenvalue satisfying

AL = 9V Rax and

6F = min{d,_1, 01} = Vk <rﬁKamaX(log n)? + Osf\(R)> ,
k
then the following holds with probability at least 1 — n=P,
e — Ak — Vi < rBK omax(logn)? + OSC(R),
)\k /\k

and

osc(R) N \/ErﬁKamax(logn)Q N v/ Rmax

| sin £ (ug, )| < VE

OENk o e
L 05¢(R)  Rumax = TBKomax(logn)?
_ - < AVEkIlU
RN suillo S VA 2’°°< e oAzt o
+\/ETBKUm§\X(logn)2‘
k

THEOREM 2 (Top-k eigenspace perturbations: simplified version). Fix D > 0. Under Assump-
tions 1.1 and 1.2, suppose that A\, with k € [r ] satisfies A\, = 9v/ Riax and

=)

ok 2 Vk (rﬂKamaX(log n)2 +

then the following holds with probability at least 1 —n=P:

(1) For the operator norm bound,

7 K max 1 2 max
sin Z(Uk, O)] < VAR 4 /rPE om0 )7 | v Finax

(>i1) For the 2 — o0 norm bound,

. ~ 0s¢(R)  rBKomax(logn)?  Rupax
U, — U,O <Vk|U +
i 100~ UiOlr SVHU T (T + 75 \2
+\/ErBKam;X(logn)2‘

k



Under the bounded sparse-entry regime in Assumption 1.3, the same simplified bounds hold
with 78K o ayx (log n)? replaced by (co + B0)7 K 0max 10g 1, up to absolute constants.

Roadmap. The paper is organized as follows. Section 2 presents our main perturbation theorem
with structured geometric couplings and both operator-norm and rowwise error bounds. Section 3
explains the geometric bias mechanism through a rank-two example and the QVE expansion,
including numerical experiments and an oracle debiasing procedure. Section 4 reviews related
literature. The technical development is presented in Sections 5-9: we establish the QVE expan-
sion that generates the variance-profile bias (Section 5), state the probabilistic inputs including
the isotropic local law and outlier eigenvalue locations (Section 6), prove the main perturbation
theorem using blockwise eigenvector equations (Section 7), and establish the local law and outlier
eigenvalue results (Sections 8-9). Additional technical results appear in the appendices.

Notation. For a vector v = (vy,...,v,)T € R, we let |[v| denote its Euclidean ¢ norm and
|v]leo := max; |v;| denote its maximum absolute entry. The oscillation of a vector v is denoted
by osc(v) := max; v; — min; v;. For a matrix B, we define its off-diagonal part as Off (B) :=
B — diag(B), where diag(B) is the diagonal matrix formed by the diagonal entries of B. We
use various matrix norms throughout the paper. Let || B| denote the operator norm, and let | B| g
denote the Frobenius norm. The 2 — o0 norm of a matrix is defined as | B2, := max; |e] B|,
which is the maximum Euclidean norm of the rows of B. The infinity operator norm is denoted
by [Bllwc—seo 1= max; },; [Bjj|. We let O(k) denote the set of k x k orthogonal matrices. For
two non-negative sequences X,, and Y,,, we write X,, < Y, (or Y,, = X,) if there exists an
absolute constant ¢ > 0 such that X, < cY, for all sufficiently large n. We write X,, =< Y,, if both
X, <Y, and X,, 2 Y, hold. Throughout the paper, C, C’ denote positive absolute constants

~

whose exact values may change from line to line.

2 Main perturbation results

We introduce the detailed non-asymptotic perturbation results for the top-k eigenspaces. Through-
out the main results, we fix a parameter D > 0. Under the general sub-Gaussian regime (Assump-
tion 1.2), we define

ME™ := Cyen(D + 6)%r K omax(logn)?,

where Cye, > 0 is a sufficiently large absolute constant. In the bounded sparse-entry regime
(Assumption 1.3), we can improve M 5™ to

MPY = Cha(co + Bo)(D + 6)rBK omax logn.

Here, Cl,q > 0 is a sufficiently large absolute constant.
For simplicity, we denote

M#™, under Assumption 1.2, o

M = Mp :=
P {M bd " under Assumption 1.3.



Furthermore, for fixed k € [r} ], define index sets

J={k+1,...,r:}, I:=[r|\J,
={ry+1,....,r}, K:=[r]\W.

and denote

10vk

B = 751:)\14:

RmaX V
<|vﬂ|| + 8= ose(R )) +avil iﬁ’c 2.2)
where V7 = UJRUz and Vi = UGRUk. If k = ry (thus J = @), then [Vsz|| = 0. We

also set
osc(R)

k

THEOREM 3 (Top-k eigenspace perturbations). Fix D > 0. Under Assumption 1.1 and one of
Assumptions 1.2 and 1.3, for any k € [r] such that \j; = 9v/Rmax + 100py, p and

on = Vk (65pk,D + QOOS(;(R)) ,
k

-D.

Pk = pg,p = 10Mp + 15

we have the following holds with probability at least 1 — n
(1) For the operator norm bound, we have

~ E
|sin Z(Uy, Up)|| < By + 1of— + 2'A ”
k k

(ii) For the 2 — oo norm bound, we first have

~ ~ m X M
HUk — PUkUk||2,oo < ||U||2,oo <Bk + 10\/77 + 8[ 2 ) + 15\/> D

Consequently,
OH(lOI)I’l ”Uk - UkO”Q o < Hfjk - PUk U (Uk7 fjk)H27

M Rinax M
< 4|U]l2.00 (Bk + 20&5—17 +30vVk A;‘ > + 120\/ETD.
k

L k
The detailed bounds in Theorem 3 retain a geometric bias term By defined in (2.2). In partic-
ular, it retains the quantities

Vsr =U;RUz,  Vnk = UyR Uk,

which encode how the signal eigenspaces align with the row-variance profile R = diag(R;).
These quantities vanish in the homogeneous case when R = cI. More generally, by orthogonality,

1
[Vazl = lUF(R —el) Uz| < 505¢(R)

by choosing ¢ = 3(Rmax + Rmin). Likewise, [Vnx|| < 1osc(R). Therefore, the simplified
theorems in the Introduction follow directly from Theorem 3. Indeed, the simplified dependence
on osc(R) in Theorem 2 should therefore be viewed as a worst-case bound for these couplings

Vazl, Vil



REMARK 2.1 (Bounds for general eigenspaces). Theorem 3 is stated for the top positive eigenspace

only to simplify notation. The proof extends directly to general eigenspaces Uy.s = (uy, ..., us)
for1 <1 < s < r. We also provide a simple alternative approach using the bounds for top
eigenspaces.

For negative population spikes, we apply our framework to — A and —(A+ E). In our ordering
A== N, >0> AN 11 = .0 = A, the eigenspaces corresponding to the most negative
eigenvalues become the top eigenspaces. This symmetry yields the same perturbation guarantees
for the bottom eigenspaces without additional analysis.

For intermediate blocks U,.; and (71:5 where 1 <1 < s < ry. We use the decomposition

Py,.. = Py, — Py,_, to obtain
| sin £ (Ups, Ups)| < | sin Z(Uy—1, Up_q)| + | sin Z(Us, Us) |, (2.3)
and
min U — UpsOloo < |(I = Pu, ) Us 2.0 + |Uisl2.0 ] sin 2 (Urs, Ups) |2, (2.4)
where

I(T = Py, )Uuisll2.0 < (I = Pur,)Us 2.0 sin Z(Up-1, U1 ).

2.0 + [Ui—1

Thus, the perturbation bounds for Uy, Ul; s follow by substituting the estimates for the top-s and
top-(1 — 1) eigenspaces. By symmetry, analogous decompositions hold for intermediate blocks of
negative spikes. We prove (2.3) and (2.4) in Appendix F.

Finally, we formulate a perturbation result for the entire eigenspace U = (u1, . .., u,). Denote

Usig = (ul, sy Upy s Un—y_ 415+ Un)'

Thus ﬁsig collects the empirical right-edge and left-edge outliers corresponding to the positive and
negative population spikes. In this case, the relevant spectral gap is the distance from the signal
spectrum to the bulk at 0, namely
)\min = min |/\]‘
I<j<r

The principal angle bound is given directly by the classical Davis-Kahan/Wedin theorem, so we
only record the 2 — o perturbation estimate for the full signal eigenspace. Perturbation bounds
for U, Us;g follow by combining the positive- and negative-spike versions above.

COROLLARY 1 (Full signal eigenspace). Fix D > 0. Under Assumption 1.1 and one of Assump-
tions 1.2 and 1.3, assume

R
)\rnin =9 \Y Rmax + 165\/;10k3,D + 20\/;08)\0())
min
then, with probability at least 1 — n=P,
. ~ osc(R Rinax M
min [Tag — U0l < 423701200 2 | 240U o/ 222 4 480,/ 212
O€eO(r) Amin )\min Amin
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REMARK 2.2 (Extension to rectangular matrices). Our eigenspace perturbation results extend
to singular subspace perturbation for rectangular matrices via the standard Hermitian dilation
technique. See Appendix G for a brief discussion.

REMARK 2.3 (Other perturbation metrics). Theorem 3 focuses on the operator-norm principal
angle and the 2 — oo norm bounds for clarity. The proof framework is more general: it controls
the block components of the empirical eigenspace along non-target signal directions and the null
space of A. These estimates, combined with the techniques from [83], extend to all standard met-
rics (Frobenius norm, unitarily invariant norms, linear forms, max norm, and weighted rowwise
norms).

We focus on these two bounds because they reveal the key mechanisms most clearly. The
operator-norm bound captures the projection of Uy, outside Uy, including components along lower
positive spikes, negative spikes, and the null space. The 2 — o0 bound translates this decomposi-
tion into rowwise estimates, showing how the variance-profile bias interacts with the incoherence
of the signal eigenvector.

3 Geometric bias, sharpness, and debiasing

3.1 Interpretation of the geometric bias

The present variance-profile model introduces a new deterministic geometric bias term

_10vk
Ok

RmaX
By, (’VJI‘ +8 2 OSC(R)) + 4\/%

Ykl
k A
which captures the interaction between the signal eigenspaces and the inhomogeneous row-variance
profile R = diag(R;). In the homogeneous noise setting where R = cI, the geometric bias term
By vanishes, our current bounds in Theorem 3 match the two-term bounds studied in [83], up to
logarithmic factors and rank factors.

The two quantities V77, Vi play different roles in the bias term. The term )V 77 captures
how the target top-k cluster interacts with the lower positive cluster {k + 1,...,r}, appearing at
the gap-dependent scale (53 \x)~!. By contrast, Vi captures interactions between negative and
nonnegative signal directions, but at the weaker scale )\,:2. In practice, the contribution from Varx
is often negligible. For instance, when all spikes are nonnegative, we have ' = ¢ and this term
vanishes. Even when negative spikes exist, the term involving Vs is usually dominated by V71
as it has a stronger suppression factor )\,;2.

We believe that the leading geometric bias terms

Vazl [Vl
VDY

are intrinsic to the variance-profile model.

A rank-two model illustration. To explain where these terms come from, consider a simple
rank-2 model A = )qululT + )\Qung with Ay > A2 > 0 and the leading empirical eigenvector



u1. Let @ be the orthogonal projection onto the null space of A. From the decomposition © =
ululTZZl + uzugﬂl + Quy, taking the £ norm on both sides and rearranging terms, we have
.2 ~ T~ \2 ~ 2
sin® Z(u1,u1) = (uyu1)® + |Quy”.

The term uj u; captures the interaction between signal directions. In our proofs, this quantity is

controlled by projecting the eigenvector equation u; = G (Xl)Aﬂl onto u9. To precisely estimate
this term, from the eigenvector equation (A + F)u; = Ajuj, we solve for

i = (A — E) ' Auy = G(\)Au;.

A key technical input in our proof is to show that the random resolvent GG can be precisely approx-
imated by its QVE approximation, a deterministic matrix ® (defined (5.1)). This & isolates the
deterministic contribution of the variance profile. Indeed, from

ua iy ~ ua D) AUy = A (ua D(A)u)uldr + Ao (ug DN )ug)ua s,
plugging in the expansion of ® ~ 2! + 2 73R in (5.3), the leading off-diagonal term is
ud Ruy

A

ud (A )ug ~

Substituting this back and approximating A1 ~ A and ult; ~ 1, we obtain

T 1, 7 A2 T

~ 2 —~

Uy Uy ~ — (ug Ruy) + —uyuy.
2 )\% 2 A1 2

Rearranging this equation to solve uJ w7 yields

|u ﬁ1| % 7|UF2I‘,R,U1‘
2 (51A1 )

which mirrors the % term in our theorem. If instead A1 > 0 > )9, the same calculation reveals

_ lud R | |ug R |
lug 1| ~ = :
A(A—A2) MM+ [e])

|ud Rus | luf Ruq| . . . ..
<
We bound Gaipe) S 2 inour perturbation results for simplicity.

The preceding calculation explains the leading bias terms Hgij)i H, ”Vf\‘%’c L

By contrast, the
higher-order term in By, involving

Rmax
50 osc(R)
k

comes from bounding the diagonal remainder (z) in the second-order expansion of ®(z) in (5.1):

1 1
D(2) = ;In + ;R + e(2).

We control this remainder using a uniform oscillation estimate, which may not be sharp. A higher-
order expansion of ®(z) would reveal additional structured variance-profile terms beyond R and
replace the uniform osc(R) bound with finer geometric couplings, yielding a sharper higher-order
term. However, isolating these higher-order structures requires substantially more delicate analysis
to control the deterministic remainders and extract the finer stochastic fluctuations. This is beyond
the scope of the current paper.
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Signed geometric bias, 6; = 10 Signed geometric bias, 6, =20

—e— Monte Carlo mean of u;' i, 0.05 1 —e— Monte Carlo mean of u;' i
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(a) (51 = 10. (b) (51 = 20.
Figure 1: Geometric bias under varying spectral gaps. Setup: dimension n = 1200, baseline noise p = 400,
top spike A\; = 360, heterogeneity parameter A € {0, 16,32, ...,320}, with 300 Monte Carlo samples.
Each panel shows the empirical alignment E[u3 %] versus A, compared with the theoretical prediction

A/(/\lél)

3.2 Sharpness and numerical experiments

Before presenting numerical experiments, we briefly discuss the sharpness of our bounds. Our
bounds contain three terms, compared to two terms in the homogeneous noise setting of [83].
In [83] for i.i.d. Gaussian noise, eigenspace perturbation is governed by two terms: a stochastic
fluctuation term (oc+/7/d) and a signal-to-noise term (oc| E'||/Ax). As shown in [83, Section 4.1],
these terms are near-optimal.

Under heterogeneous variance profiles, in Theorem 3, a third term emerges: the geometric
bias term Bj. While the first two terms remain essentially unchanged (up to logarithmic factors
and a /7 factor), this new term captures the deterministic bias induced by variance heterogeneity.
Since the first two terms were already validated in [83], our simulations focus on the third term.
We design experiments to isolate B and confirm that it is not an artifact of loose bounds, but a
visible deterministic effect in heterogeneous regimes.

Numerical simulations. We consider a rank-2 model A = A\juy 1[1F + /\2ng1[2F with spikes A\; >
A2 > 0 and eigenvectors u; = %(el +e9) and ug = %(el — e3). The noise variance profile has
row sums Ra = diag(p+ A, p— A, p, ..., p), where p > 0 is the baseline variance and 0 < A <
0.8p is the heterogeneity parameter. This gives the geometric coupling V1o = ul Rau; = A.

To show that geometric bias is deterministic rather than random, we compute the Monte Carlo
average of ud 1, where in each trial we align the empirical eigenvector so that u1w; > 0. Since
the noise is zero-mean and isotropic, averaging removes random fluctuations while preserving the
deterministic bias. Figure 1 compares these empirical averages with our theoretical prediction

ﬁ for two different spectral gaps §; = A1 — Ao.

3.3 Oracle de-biasing

The goal of this subsection is modest. We show, at the oracle level, that the leading V7z-bias in By,
can be removed. As discussed earlier, }V 77 causes the main deviation from previous homogeneous
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bounds. When k = r;, J = (J and this bias vanishes. For intermediate eigenspaces (k < r),
correction may help when the deterministic bias dominates the stochastic fluctuations, i.e.,

Vol
Ak

> M.

For s € [k], consider the block matrices U}(I)(XS)UI and U}@(XS)U 7. Define
Ty o= (I = U32(A)UsAg) "' U7 (\)UzAz. 3.1

The next result guarantees that 7 is well-defined on the event considered in Theorem 3. Its proof
is provided in Appendix H.1.

LEMMA 3.1. Assume J = {k + 1,...,r1} # . Under the assumptions and with the same
probability as in Theorem 3, for every s € [k],

- -1 X
‘ (I - U}“@(AS)UJAj) ‘ <605

Define the oracle corrected vectors

wo := Pyiiy — UsT,UL U, s=1,...,k.

S

Let
W€ = (wi™, ..., wi'), Upre := orth(W™).

We denote by orth(W) the orthonormalization of the matrix 1, which consists of orthonormal
columns spanning the same subspace as W.
Define the oracle error term

max M
EFC 1= 4\/%”VAQ’C“ T oav/i X ose(R) + 124vE 2.
Y. AL O

PROPOSITION 3.1 (Oracle blockwise de-biasing). Assume that the conditions of Theorem 3 hold.
The following holds with the same probability as Theorem 3:

| sin Z(UR™, )|

in |U° — U0
Ogg&)\\ k 10|

26"

<
< 3[Ull2.08R"

2,00

The proof of Proposition 3.1 is deferred to Appendix H.2. The key point is that the ora-
cle correction subtracts the deterministic contribution from the 7-block predicted by the QVE.
This removes the leading V 7z-term in Bj. Additionally, the projection Py removes the null-
space component, which explains why the signal-noise term || E| /A in Theorem 3 is absent from
Proposition 3.1.

The oracle estimator uses the unknown population eigenspace. A natural plug-in version re-
places the population blocks by empirical outlier blocks. We provide a plug-in de-biasing im-
plementation and explain its limitations in the Appendix 1. Developing optimal data-driven bias
correction methods is left for future work.
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4 Related literature

This section highlights perturbation results relevant to heterogeneous random noise. A broader
review of matrix perturbation, rowwise eigenspace analysis, and statistical applications can be
found in [83]. Here we focus on work most closely related to variance heterogeneity and random
matrix perturbation with non-identically distributed noise.

Perturbation bounds beyond worst-case theory. Classical perturbation results, including Weyl’s
inequality [86] and the Davis-Kahan-Wedin sin © theorem [47, 85], control eigenvalue and eigenspace
errors through the operator norm of the perturbation and the relevant spectral separation. While
sharp for arbitrary deterministic perturbations, these bounds can be conservative for structured ran-
dom perturbations. Modern refinements include population-gap variants, Schatten and unitarily
invariant norm bounds, perturbation projection error bounds, and other deterministic or stochastic
improvements; see, for example, [91, 82, 34, 67, 93, 84,7, 19, 95, 80, 72, 24].

Extensive work has also addressed entrywise and rowwise perturbation bounds. Representa-
tive works include [51, 2, 1, 32, 37, 42, 64, 96, 24, 89, 90, 88]. Perturbation of linear and bilinear
forms of eigenvectors and singular vectors has been studied in [63, 87, 49, 65, 44, 3, 4]. These
results play an important role in high-dimensional statistics, including matrix completion, spectral
clustering, ranking, community detection, submatrix localization, and Gaussian mixture models;
see, for example, [36, 35, 61, 8,9, 33,43, 69, 79, 81, 66, 13, 62, 30, 31, 68, 48, 52, 56, 70, 29, 46].
For a statistical survey of spectral methods and perturbation bounds, see [41].

In the homogeneous Gaussian-noise setting, [73, 83] obtained sharp singular-subspace per-
turbation estimates showing that the error is governed by a signal-to-noise term and a stochas-
tic signal-space fluctuation term. Recent work of Tran and Vu [76, 77] develops combinatorial
contour-expansion and relative-norm perturbation bounds that exploit structural interaction be-
tween the signal and the perturbation. Our work shares the goal of moving beyond worst-case
perturbation theory, but through a different mechanism: we use variance-profile local laws and
QVE expansions to identify a deterministic geometric bias induced by heterogeneous noise.

Heterogeneous noise in statistical spectral problems. There is a substantial statistical litera-
ture on spectral estimation under heteroskedastic or heterogeneous noise. Zhang, Cai and Wu [92]
introduced HeteroPCA, based on diagonal deletion and imputation, to correct the bias caused by
heterogeneous diagonal noise in spiked covariance models. Yan, Chen and Fan [89] developed
inference for heteroskedastic PCA with missing data, obtaining distributional guarantees for the
estimated principal subspace and entrywise inference for the spiked covariance matrix. Related
work on high-dimensional heteroskedastic PCA and weighted PCA includes [58, 59, 60]. Zhang
and Mondelli [94] recently studied rank-one matrix denoising with doubly heteroscedastic noise
and derived asymptotic fundamental limits and optimal spectral methods.

These works are close in motivation but differ from ours in both model and mechanism.
Much of this literature concerns sample covariance, missing-data, or rectangular denoising mod-
els, where the main issue is often diagonal-noise bias correction, whitening, optimal shrinkage,
or statistical inference. By contrast, we study a symmetric additive signal-plus-noise model with
arbitrary entrywise variance profile and possible sparsity. The bias identified here is not merely a
diagonal variance bias; it is a geometric bias governed by V = UTRU, which records how the
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row-wise variance profile changes the geometry of the signal eigenspaces.

We also cite related work on rowwise, entrywise, and inferential perturbation for complete-
ness, including [51, 37, 2, 1, 32, 64, 24, 89, 90, 4, 3, 44, 40]; these works concern fine-grained
perturbation and distributional inference in related spectral models, but they do not address the
variance-profile geometric bias studied here.

Related literature in random matrix theory. Our work is also connected to the random matrix
literature on finite-rank deformations and outlier eigenvectors. The BBP transition was introduced
by Baik, Ben Arous and Péché [11], with subsequent developments for spiked covariance models,
matrix denoising, and finite-rank deformations in [12, 75, 10, 21, 22, 20, 27, 38, 39, 16, 17,
18, 23, 50, 71]. The variance-profile setting is closely related to the theory of general Wigner-
type matrices and the quadratic vector equation. Ajanki, Erdés and Kriiger [6] developed the
QVE/Dyson-equation framework and proved local laws and universality for matrices with general
variance profiles. Our use of the QVE is more elementary and takes place in the large-z outlier
domain, where the solution is stable and admits a direct expansion.

Recent asymptotic work has begun to study outliers, detection, and inference limits in spiked
models with variance-profile, inhomogeneous, or structured noise. Bhattacharya, Chakrabarty
and Hazra [26] analyze outlier eigenvalues and eigenvectors of generalized Wigner matrices with
finite-rank deterministic perturbations. Guionnet, Ko, Krzakala and Zdeborova [55] study low-
rank matrix estimation with inhomogeneous output channels and detection thresholds. Bao, Cheong,
Lee and Li [15] study signal detection from spiked noise via asymmetrization. We also mention
the physics work of Ferreira and Metz [53] on the BBP transition in an inhomogeneous rank-
one spiked Wigner model. These results are complementary to ours: they are mainly asymptotic
and focus on limiting distributions, information limits, detection thresholds, or BBP transitions,
whereas our results are finite-sample perturbation bounds for deterministic low-rank signals under
sparse independent variance-profile noise.

S Deterministic QVE estimates and preliminary bounds

Consider the resolvent (Green function) of £

G(z) = (21 — E)7}, zeCt.
For z € C™, define a deterministic diagonal matrix

D = d(2) = diag(61(2), ... 6n(2))

where ¢(z) = (¢1(2), ..., dn(2)) is the solution to the Quadratic Vector Equations (QVE) given
by:

1 n

o) T j;a?jcﬁj(Z), i€[n], (5.1)

with Im ¢;(z) < 0 for z € C*. Each ¢;(2) is analytic on C™. It is shown in [6, Theorem 2.1] that
such a solution exists, is unique, and extends continuously to the real axis outside the spectrum
(so in particular ¢;(z) > 0 for z sufficiently large).
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We collect deterministic estimates for the QVE solution ®(z) and elementary bounds for re-
solvents G(z). These estimates are used in two places: to identify the deterministic locations of
outlier eigenvalues, and to extract the geometric bias from the expansion of ®(z).

Recall that

n
Ri=> 0},  Rmax= maxR;, R =diag(Ry,..., Rn).
j=1

The next result provides basic bounds on ¢;(z) and the second-order expansion of these ¢;’s
for large z. The proof is provided in Appendix A.1.

LEMMA 5.1. Assume z € C satisfying |z| = /6 Rmax-
(i) For every i € [n], we have
1 3
— < | < —
2|Z| |¢Z(Z)| 2|Z|
and

3 5)
Sl <]z - Y obei(2)] < 12l
J

Furthermore, we have
/ / 4 " VA 28
[9°(2) ]| = max|¢;(2)] < e and [ ®7(z)| = max|[d;(2)] < o

(ii) For i € [n], we have the second-order expansion:

bi(z) = % + % vei(z) with |ei(2)| < ‘?}E;x, (5.2)
In particular,
B(2) = I, + =R+ 2(2), 53)
z z
where )
e(z) = diag(e1(2), -+ ,en(2)) and |e(2)| < ?}TZEX
Furthermore, we have
/ 1 3 /
P'(z) = —;In — ?R +€'(2), (5.4)
where
£(2) = diag(e} (), ,Eh(2)) and |£(2)] < 2;‘3%6

The entrywise bound in Lemma 5.1 is not sufficient for the eigenspace perturbation theorem.
For the error term £(z) = diag(e1(2), ..., en(z)) in the second-order expansion of ®(z) in (5.2),
we control its oscillation. For z € C satisfying |z| = /6 Rpax, denote

ose(e(2)) = max [e(2) — ()]
1,
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If z is a real number, then osc(e(z)) = max; €;(z) — min; €;(z). Recall that
08¢(R) = Rmax — Rmin-
The bound on osc(e(z)) is given below; its proof is deferred to Appendix A.2.

LEMMA 5.2. For any complex number z with |z| = /6 Ryax, we have

15Rmax
|2[°

osc(e(z)) < sc(R).
The same QVE expansion also determines the typical locations around which the outlier eigen-
values concentrate. We prove the next result in Appendix A.3.

PROPOSITION 5.1 (Deterministic outlier location). Let j < ry and assume \; = 6+/Rpax.
Define
aj(z)=1- )\ju;ffb(z)uj for z = 31/Rmax-

Then @j has a unique real zero ¥ € [3v/ Rmax, 0). Moreover, this zero is simple and satisfies

L j—@

< 145 Finax osc(R).
Aj

3
Aj

Since aj();) is increasing and &;(A;) < 0, we also have
;= Aj. (5.5)

The following result provides crude bounds on the operator norms of Green functions G(z) =
(2I — E)""and G® = (2I — E®))~1, where E*) is obtained from E with the k-th row and
column replaced by zero.

LEMMA 5.3 (Lemma 16 from [73]). For z € C with |z| = 2||E||, we have
2 2
IGE)I < =, 16W] < . (5.6)
2| 2|

LEMMA 5.4 (Bound on the noise matrix). Let E = (Eij )nxn be a symmetric matrix whose entries
are centered and independent (up to symmetry) random variables. Assume the entries I;;’s are
sub-Gaussian with | E;j||y, < Koj;. Denote Ryax = max; ), ; 01;2]-. Then for any D > 0, we have

i (HEH < 2.9\ Rumax + K 0max(D + 2) log n) >1-3n"P

for an absolute constant ¢ > Q.

The result is a direct consequence of the sharp non-asymptotic norm bounds established in
Bandeira and van Handel [14]. We provide a short derivation in Appendix A.4.
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6 Proof strategy and technical inputs

This section states the probabilistic inputs used in the proof of Theorem 3 and explains how they
combine with the deterministic QVE estimates from Section 5. The two main probabilistic ingre-
dients are the isotropic local laws for the resolvent G(z) and the location theorem for the outlier
eigenvalues of A + F.

6.1 Isotropic local laws

Consider G(z) = (2I — E)~! for z € C*. Recall the QVE approximation ®(z) defined in (5.1).
Our first main technical step is to establish an isotropic local law for G(z). Denote

gen

{C' (D + 6)32BKomax(logn)?,  under Assumption 1.2,
mp =

Ciq(D +6)(co + Bo)Komax logn, under Assumption 1.3.

Here, C’,

gen and C{ 4 are sufficiently large absolute constants.

THEOREM 4 (Isotropic local law). Fix D > 0. Suppose Assumption 1.1 and one of Assump-
tions 1.2 and 1.3 hold. For any deterministic unit vectors v, w € R™ and every fixed z € C with

|z| = 64/ Rmax, we have
mp

’vT(G(z) — @(z))w’ < W

with probability at least 1 — n=P~%,

Theorem 4 is proved in Section 8. We also need a version that is uniform over the spectral
domain where the outlier eigenvalues are located. Define

Sout 1= {z € C: 67/Rumax < |2] < 2Rf’nax} .

This result is a direct consequence of Theorem 4; its proof is provided in Appendix E. Recall that
A=UAUT.

COROLLARY 2 (Uniform compressed local law). Fix D > 0. Suppose the assumptions of Theo-

rem 4 hold. Then, with probability at least 1 — nL,
sup |2|*|UT(G(2) — ®(2))U| < C'r-mp = Mp, (6.1)
ze€Sout
sup |z[* max e/ (G(2) — ®(2))U| < Mp. (6.2)
2ESout 1<isn
Consequently,
sup |z|> max HeZ»TQ(G(z) — ®(2))U| < 2Mp, (6.3)
2€Sout I<isn

where Q = I — UU™ and Mp is defined in (2.1).
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6.2 Qutlier eigenvalue location

We next state the outlier-location results used in the proof of the eigenspace perturbation results.
For any \; > 6+/Rmax, Proposition 5.1 guarantees that there exists a unique solution ¥; to the
equation )\;1 — u;fq)(z)uj = 0 for z = 34/ Rmax. Besides,

VA .
J J + )\]
For a simple supercritical eigenvalue A\, we will show that 1J;, is the typical location of Xk
Recall that
osc(R)

pr = pr,p := 10Mp + 15
Ak

Denote the index set for the supercritical eigenvalues as

O+ = {l € [T+] : )\l = 6’\/ Rmax}~

THEOREM 5 (Individual outlier eigenvalue location). Fix D > 0 and k € [ry]. If \p =
6/ Rmax + 100pg is a simple eigenvalue and the gap condition holds:

min(¥; — ¥;) = 50p,  and min (9, — ¥;) = 50p%

<k leOy, 1>k

with the convention that the minimum over an empty set is +o0, then, with probability at least
1—nP,

A — Ok < pi-

The proof of Theorem 5 is given in Section 9. Furthermore, we provide the following re-
sult on the outlier eigenvalue clusters, which will be used in the proof of the top-k eigenspace
perturbations.

THEOREM 6 (Lower edge of the top-k outlier clusters). Fix D > 0 and k € [r4]. Define

¥, ;= min Y.
=R i<k

If A\, = 6/ Rpax + 100py and the gap condition holds:

i —9) = 4
leorrﬂrl;k(ﬁk Vi) = 50pk (6.4)

with the convention that the minimum over an empty set is +00, then, with probability at least
1—n"P,

In particular, for every s € [k],

)\s Zﬁk_pk
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REMARK 6.1. Theorem 6 holds under a stronger but more conventional assumption that the k-th
deterministic root lower-bounds the preceding roots (i.e., ¥y = Oy for all | < k). Under that
assumption, ¥, = V. However, we introduce U;, to avoid the internal ordering of these 0s’s for
s < k. Indeed, the deterministic roots can physically cross and permute, even when the underlying
As’s are strictly ordered. For instance, even if \j > As for | < s € [k], as given in Proposition
51,0, ~ A\ + K—lll could be dominated by ¥ ~ \s + KSSS. This is because the shift V; = ulTRul
depends on the alignment of the l-th population eigenvector with the variance profile R. In the
presence of anisotropic noise, it is entirely possible for a lower-ranked spike’s variance projection

(e.g., Vss) to be significantly larger than that of a higher-ranked spike (e.g., V).

The proof of Theorem 6 parallels that of Theorem 5 and can be found in Section 9.

6.3 Proof roadmap

We briefly explain how the technical inputs above are used to prove Theorem 3. The proof is car-
ried out on a high-probability event where || E| < 3+/Rmax and the isotropic local laws Theorem
4 and Corollary 2 hold.

The signal condition A; > 94/ R ax ensures that the outlier eigenvalues satisfy

Xs = )\k - HEH = 6\/ Rmax (65)

for all s € [k] by Weyl’s inequalty. Thus the uniform local law Corollary 2 applies at the random
eigenvalues z = A;.
The deterministic part of the proof starts from the eigenvector equation

U = GOW) AT, se[k].

Projecting this identity onto the non-target signal directions and the null space gives separate
bounds for how much u; extends outside the target space. The null-space projection produces the
usual signal-to-noise contribution | E'||/Ag. For the signal-space terms, we decompose

The compressed local law controls the contribution of =(z), while the large-z expansion of ®(z)
identifies the deterministic variance-profile contribution. This yields the stochastic term involving
Mp and the geometric bias term . The final operator-norm and 2 — oo estimates follow from
these blockwise bounds through deterministic reductions.

7 Proof of the main perturbation bounds: Theorem 3

Set

Fix D > 0. Define the events
gOp = {HEH < 3 V Rmax}
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and

Eloc(D) = {sup 122|[UTE(2)U| < MD} N { sup |z|? max HeiTQE(z)UH < 2MD},
z€S 1<i<n

ZEOout

where Sout := {2 € C: 6y/Rmax < |2| < 2R3} and Q = I — UU™. Set
Ep = Eop N Eioe(D).
By Lemma 5.4 and Corollary 2, we have
P(Ep)=1—-n""P.

All estimates below are deterministic on £p, except when the outlier-location theorem is invoked.
In that step we intersect with the corresponding outlier-location event, which still has probability
at least 1 — n~P after adjusting constants. B
On the event £p, note that our signal assumption 9v/Rax < A\ < RS ensures \s € Sout
for all s < k by Weyl’s inequality (see (6.5)).
For simplicity, we write
M = Mp.

We first present deterministic bounds on the difference between the eigenspaces Uy and U k-
Let J = [r]\[k] denote the complement index set and Uy = (ug41,...,u,). Let Py be the
orthogonal projection onto the subspace W.

PROPOSITION 7.1. For 1 < k < r+, assume N\, = 2|E|. Then the following deterministic
bounds hold.
(i) For the operator norm bound, we have

_ _ _ E
Jsin 20, Tl < 105 il + 210, 1)

(i1) For the 2 — o0 norm bound, we have

Ore%& ) |Ux — UrOll2.oo < |Ur — Po Urll2.0 + |Ukl|2.00]l sin Z(Uy, Up)|1?, (7.2)
where
15 ~ P Oilaco < [Ulaco - [UFDull + 5 VEIU oo 22
k
i 3 2
+4 ;lxg max [ef QE(2)U]". (1.3)

Given these deterministic bounds, the main technical contribution of our perturbation analysis

is the estimation of
k

2 U7 a2,

s=1

|UTUkllr =
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We first present a deterministic bound for each U7 @s|. The geometric bias matrix V = UTRU
is defined in (1.2). For any index sets I, J € [r] with Ut = (u;)ser and Uy = (u;)jes, we denote

Viy:= U RU;.
For a matrix B, we denote by Off (B) the matrix obtained by setting all diagonal entries to zero.
PROPOSITION 7.2. Define index sets
J={k+1,....ry}, T:=[r]\T,
={ry+1,...,r}, K:=[r]\W.
Fix s € [k]. Define the gap
AL () = s min 11— Njul (N )uy]

with the convention that the minimum over an empty set is +00. If the following gap condition

holds:

2)\k+1

4

[0Vl +

S S

sc¢(R), (7.4)

then we have

" 4 % 13 Riax _
0T e Rzl 13 B o ) L 2T, 75)
AJ()‘S) >\s 2 )‘g)
Vi 13 Rmax —_
+mf<” Ly 2, <>+AHUF<>U0

Note that when J = ¢J, we have A\‘I}(XS) = 00, so the corresponding term on the right-hand
side of (7.5) vanishes. The proofs of Propositions 7.1 and 7.2 are deferred to Appendix B. On the
event Ep, the condition A = 9v/Rpax implies A\x, = 3| E| = 2| E|, so Proposition 7.1 applies.

Now we continue with the estimation of |U } | and split the discussion into two cases: k =
ryork <ry.

Case 1. Assume k = r,. Then J = (J and A?(XS) = +00. In this case,
J=N = {7"++1,...,7’}.

We just bound

~ VN K 13 Rmax —_
UFi < mf( L 22 B, <>+AUF<)U>

By Theorem 6 (note that the gap condition (6.4) holds trivially), for every s € [k],

~ 99
As Z Uy — pr = N — pr = ——=\i-
s Z Vg — Pk k= Pk Z 1007k
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Thus,

”VNK H Rmax M
24 4— 7.6
)\z + )\;‘; osc(R) + " (7.6)

T~ T~
|U sl = [Upus| < 4

and

|UT Ukl =

k
o Vvl | o, Bimax M
;1 |UTs)2 < /rs (4 ey +24 \a osc(R) + 4)\r+ N N))

T4

Case 2. Assume k < ry. Under our gap assumption

osc(R)

5y = 65py, + 20
Ak

A
> 65p + 20 i;losc(R), (7.8)
k

we first show that (6.4) holds, that is,

in (9, —v;) =50 h Y, = min ¥4.
8 (%~ 01) > 0Pk whete 0, = pin, Ve
If O4\[k] = &, then the inequality holds because the left-hand side is 400 by our notation.
Assume O \[k] # &.
Suppose
Uy =

for some 1 < ¢t < k. Observe from (5.5) that

791& =M= )\k > /\k+1 = )\j (7.9)
foranyje J ={k+1,...,r4}.
Define two auxiliary functions
Rmin Rmax Rmax Rmax
L(x):=xz+ i 145 3 osc(R), U(z):=z+ s 145 3 osc(R)

for £ = 64/Rpax. Note that both £(z) and U(x) are increasing functions. Note that \; >

94/ Rimax. Thus,
L) <V <UN).

For any [ € Oy satistying | > k, since A\; < A1, by the definition of ¥J; for and Proposition 5.1,
we have
L) <9 <UN) SUNgt1).

In particular, for any [ € O \[k] (note that ¢ € O.), we have

Ve — 9 = L(A) —U(Ngs1)

Rmin Rmax Rmax
— 145
At Akt1 A3

osc(R) — 145 R;nax osc(R).

k+1

= O\t - )\k+1) +
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Rewriting
Rmin o Rmax _ )\k+1 - )\tR . Rmin - Rmax
At Ak+1 MAgrr o8 Ak+1

and using the assumption Ay, \p 1 = 94/ Rmax = 64/ Rmin, we further get
Rpin — Rmax 1450sc(R) 145 0sc(R)

Rmin
Oy — = (1— A — A —min Thwmax SRV 2
e < AtAk+1) (e = Awer) =200 36 A 36 A

35 145\ osc(R) 145 0sc(R)
>0 — 1+ — -
36 36 ) Aes1 36 A
- 35, 18losc(R) 1450sc(R)
“367° 36 A1 36 A

where we used \; > Ay in the last inequality. To proceed, note that

osc(R) _ osc(R) s osc(R) < osc(R) N i5k-
Ak41 Ak AkAk41 Ak 36

We get

181 26 0s
9, — l><35 8 )5 360&:(72)250%

36 362)° 36 A

by our assumption (7.8) on Jx. Hence, the conclusion of Theorem 6 holds. In particular, for every
s € [k],
Xs =) — pr =V — i (7.10)
Recall A% defined in Proposition 7.2. Next, we show that for any s € [k],

~ ~ - 1
(] . T
AT (Xs) = As I]Ié%l 11— Ajuj @(As)uj| = §6k.

Denote o (z) = /\;1 — u]Ttl)(z)uj for each j € [r]. Then
@ Y Y 3
A7(As) = 521}1 [AsAja(As)]-

For each j € 7, by the expansion of ®(z) in (5.3), we have
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Therefore,

~ ~ - s - - \j
AsAjaj(As) = As <1 - )\J> + AsAjon(As) — T2 = (Vij = Vut) — Ashj i (€55 (As) — €t (As))
t

=11+ 15 + 15 + Ty.

S

It follows that
(%)
We estimate T;’s respectively. For 711, by (7.9), we have
Ty = A (1—2) > )\, (1— /\21) - i\kdk'
Then, by (7.10), we get
O W

O
T1>(19t—pk))\k )\*5 _Pk/\

=Ty + T — |T3| — |T4|.

= 0 — pr

since /\ > 1 by (7.9) and 5k
Next, we estimate Th = )\s)\] oy (XS) By the same estimates as (9.20) and (9.21), we have

5 2
@ < Oéé(ﬂf) < ﬁ for x > 3\/ Rmax.
In particular, oy () is increasing for x > 3+/Rpax. By our definition, ay(1;)=0. Since Xs >
vt — pi by (7.10),

ar(Ns) = (O — pr) = (Vs — pr) — () = —pra (),

where the last equation is due to the mean value theorem and ( is a value between J; — pg and ;.
Then, by (7.9),

~ ~ <2 XA
Ahju(hs) = —Adj ok > —2W7k;€1)2pk.

Since 9¥; — 100 9919, and )\ %/\S < 3195 by Weyl’s inequality and (5.5), we have
100 19 )\k+1
Ty > —2(=—)22="" > —dpy.

Finally, for 73 and T}, by Lemma 5.2, the bounds )\s < %)\s and

~ 99 99
)\5 = 1975 pk; = 719t =

100 1007

we have

A - -

‘T3| + |T4‘ ,)\V2 OSC(R) + )\3)\j . OSC(€()\3))

15 - 24 AMO
36 )\i

g)\kﬂo
30N

A
<425 L ose(R) +

s¢(R) =
A

sc(R).
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Combining the above estimates, we arrive at

~ ~ 32\ 1
AsAjai(Ns) = 0, — Bpr, — = 2t Lose(R) = 6
3 A 2
by our gap assumption (7.8). Hence,
~ ~ ~ 1
P .
Az(As) = I]%glp‘s)‘jaj()‘s)‘ = 56/?‘

Furthermore, (7.4) in Proposition 7.2 holds. To see this, note that the right-hand side of (7.2)

2/\k+1 13)\k+1RmaxO
N2 N4

IO (Vr )| +

S S

100\ * Agiq 13 /100\* A\psq
<2(— R)+— (— R
(99> 2 R g gg ) e osel®)

sc(R)

A 1 ~
<3725 os¢(R) < =6k < AZ(N).
A% 2
We continue from the bound established in Proposition 7.2. On the event £p, substituting the

uniform local law bound HUT”( HU| < M/)\2 and using A\, > 100 9 \k»

_ 4 Vszl 13 Ruax _
0] <o (D222l | BB ) 1 2w
AZOG) A 2 X2
HV./WC H 13 Rmax =
+2V3 S0s0(R) + As|[UTE)U |
2 M4
8 (100 Hvﬂn 13 /100 0sc(R)Rumax
< — | = ) =T M
5k<99 a2 09 A2 "

100\? [Vnic| = 13 /100 0sc(R)Rmax 100 M
+92 EAAR T =) A/ hax
‘f<<99> A2 T2 9 A2 HETIW

Now the bound above simplifies to
10 Rinax Ykl M
s 81X hse(R) | + 31l + 10—
W3l < i (1ol + 55ose®) ) + 355+ 0

10 Ruax M
\F Vrz| +8 osc(R) | + 3\/EHVAQCH +10VEk—.
S S A2 Ok

Combining (7.7), for any k € [r, ], we always have

|UT ULl p < Bk+1of (7.11)

25



where

10\/% Rmax HVN/CH
By == —— 8 4 .
i iy (Wl + 8 5ose(m) ) + 4viL2
Consequently, by (7.1),
~ M E
| sin Z(Ug, Ug)|| < By + 10\/%? + 2’/\’.
k k

From (7.3), using (7.11), on the event £p, we also have

”(7143 _PUk~

HWMW%W%+*JW%wMWM ZVmwkw 2U|?

M Rmax
< U2 (Bk +10VE— + 8= >
k

k

M Rmax
< |UJ2,00 <Bk + 10\/%5— +8 \2 )
k

k

Now, from (7.2), we obtain that

min ||U;.C — UiO| 2,00
OeO(k

< HUk - PUkUkH2 o + || Uk||2,00 sin Z(Uy, Up) |

Runax M
< 4|Ul2,00 | Br + 207 4 30 +120VE—
’ Ok )\k Ak

by our assumptions on Ag and dy.

8 Proof of the isotropic local law: Theorem 4
Let 2 € C satisfy |z| > 6+4/Rmax. Recall that

G(z) = (21 — E)"..
Denote

H = H(z) = diag(h1(2),...,hn(2)), hi = hi(z) = Z Uz'zjd)j(z)

Then the QVE can be written as
®(2) = (21 — H)™?

Since (21 — E)G = I and (21 — H)® = I, subtracting these identities, we have

2(G—®) = EG— H® = (E— H)G + H(G — ®).
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Rearranging the terms, we further obtain (2 — H)(G —®) = (E — H)G. Hence, for deterministic
unit vectors v, w € R",

vI(G — ®)w =0T (2 — H)"YE — H)Guw. (8.1)
Set
ol =0T (z—H)™L
Then
v (G — ®)w =0T (F — H)Guw.
We also define

L= L(z) = diag(l1(2),.... In(2)),  Li=1i(z) = > 05Gj5(2).
j=1
Then (8.1) gives the decomposition
vI(G—®)w =0T (E - L)Gw+9" (L — H)Gw. 8.2)
We start with a bound on ||7]. By Lemma 5.1,

3Rmax <
e

z
|H|| < Runax max|65(2)] < L'

)

where the last inequality follows from |z|? > 36 Ryax. Hence

! 4 (8.3)

o] < (=1 = H) 7Y < o < 3o
2| = I H[ 32|

With this |?] bound, the control of the first error term in (8.2) reduces to the following propo-
sition, which we prove in Appendix C. The proof follows the cumulant expansion strategy of
He, Knowles and Rosenthal [57], which compares the random resolvent with its deterministic
self-consistent approximation. Our application is simpler in two ways. First, we work only in the
large-z outlier regime, where resolvent derivatives have elementary bounds. Second, we need only
a second-order cumulant expansion with a controlled third-order remainder. The main challenge
is handling highly inhomogeneous and sparse variance profiles.

PROPOSITION 8.1. Fix D > 0. Let v, w € R™ be deterministic unit vectors, and let z € C satisfy
|z| = 6+/Rmax. Under Assumption 1.1 and one of Assumptions 1.2 and 1.3, with probability at
least 1 — n—P—4

’vT(E — L)Gw| < =L L on5,

m
2]

Here, the Cn=°% term appears only in the general sub-Gaussian regime; in the bounded sparse-
entry regime, it may be omitted.

The second error term in (8.2) is controlled using Proposition 8.1 and a deterministic stability
argument for the diagonal self-consistent equation. Its proof is given in Appendix D.
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PROPOSITION 8.2. Fix D > 0. Under the assumption of Propositon 8.1, with probability at least
1—n- D4

WwT(L - H)Guw| < C (T;j’j + n_500> .

In the bounded sparse-entry regime, the =% term may be omitted.

Proof of Theorem 4. We use the decomposition (8.2). For the first error term in (8.2), Proposi-
tion 8.1 and (8.3) yield

—500
0T (E - L)Guw| < |7 <mD + Cn—5°°> <c2 ot — (8.4)
2| E E
Similarly, for the second error term in (8.2), from Proposition 8.2 and (8.3), we get
—500

67 (L — H)Gu| < CTTZ + C”|—|. (8.5)

z z

Combining (8.4) and (8.5) with (8.2), we obtain
—500
!vT(G - P)w| < CTTDQ + Cn‘ |
z z

< 100

Since Rpayx < n'% and o} 119 we have mp = en 19 for an absolute constant ¢ > 0.

max >

Absorbing the n~°%-term, we get
|UT(G — Q)| < 5.

This completes the proof. O

9 Proofs of the outlier eigenvalue locations: Theorems 5 and 6

9.1 Proof of Theorem 5

For notational convenience throughout this section, we replace the target index & with j. We first
consider the case that \; > 6+/Rax for j € [r+] is a simple eigenvalue. In this section, we use
the normalized version
aj(z) = )\j_l — u}“@(z)Uj,

so that &;(z) = Aja;(z). The deterministic root ©J; defined in Proposition 5.1 is equivalently
characterized by «;(¢;) = 0.

We still work on the event £p. However, we only need a weaker signal assumption \; >
61/ Rmax + 100p; since the local law is applied on deterministic contours around A;, whereas in

the eigenspace proof, it is applied at the random points z = A;.
By Proposition 5.1, there exists a unique deterministic location ¥; satisfying

1-— )\ju]T(I)(QS‘j)uj =0
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with

v — A — /\—j < 145 ;?X.
J
In particular, since V;; > 0, we have
Vjj R? 1 145
19]' < )\j + TJ + 145 )rgfx < )\j + %)\j + @)\j < 1.16)\j
and directly by Proposition 5.1,
’19j = )\j 9.1

We will show that on the event £p, there exists exactly one eigenvalue X]- lying inside the disk
D(9;,p) i= {z € C: |2 — ;] < p}
for p = p; defined in (9.2). Denote
K(2):=A"'—UT®(2:)U and B(z):= UN(G(z) — ®(2))U.
Set
g(z) :=det(K(z)) and f(z) =det(A™! —UTG(2)U) = det(K(z) — B(z)).

By Lemma 21 from [73], the eigenvalues of A outside the [—||E|, | E|] are the zeros of f(=2).
Besides, the algebraic multiplicity of each eigenvalue matches the corresponding multiplicity of
each zero. Next, we show that the zeros of f(z) are close to the zeros of g(z).

The following result is a special case of the generalized Rouché’s theorem for operator func-
tions (see [54]). We include a short proof for completeness.

LEMMA 9.1. Let I' < C be a simple closed contour. Assume K(z) and B(z) are analytic in a
neighborhood of I and its interior. If

sup [ K1 (2)B(2)] <1,

2el
then f and g have the same number of zeros inside I', counting multiplicity.
Proof. Fort € [0,1], define Fy(z) := det(K(z) —tB(z)). For z € T,
K(z) —tB(z) = K(2)(I — tK (2)B(z)).
Since [tK~(2)B(z)| < 1, I — tK~'(2)B(z) is invertible. Hence, F;(z) # 0 on I for all

t € [0, 1]. By the argument principle ([5, Section 5.2]), the number of zeros of F; inside I is a
constant in ¢. Taking t = 0 and ¢ = 1 proves the claim. O
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We will take a circle
Li(p) :={z€C: [z = V;| = p}

with the radius

osc(R) ‘

J

p=pj:=10M +15 (9.2)

To apply Lemma 9.1 on I';(p), we bound

sup K (2)B(2)| < sup [K7'(2)|- sup |B(2)].
z€T'j(p) z€T'j(p) z€T'j(p)

To bound sup_.cr; (| B(2)|. first note that I'j (p) S Sout. To see this, since A;j = 61/ Rmax+100p;
and p; < A;/100, for every z € I';(p;),

’Z’ 279]‘ — Py = )\j—pj 26\/RmaX7

2] <9+ p; < L16N; + L < 2R}

100 max
Hence, on the event £p, we get
100\ % M
sup |B(2)] < <99> 77 9.3)
z€l;(p) J

To bound sup_cr ,) |K~1(2)|, we rewrite K(z) for z € I'j(p) in block form. Without loss of
generality, by relabeling the columns of U and the diagonal entries of A, we may assume that the
index j is the first one. Namely, write

U= (u;,U_;) and A=<>‘j O).

0 A_j
Thus, )
e = -uteew = (50 50)
where

a;(z) = )\;1 - ujT<I>(z)uj, bj(z) := UT]@(Z)U]-, Dj(z) = Ai; - UTj@(z)U_j.

The following lemma provides the estimates of |a;(2)], [b;(2), and the smallest singular value
smin(D;(2)) on the circle I';(p). Its proof is deferred to Section 9.1.2.

LEMMA 9.2. Fix j € [ry]. Assume \j = 6v/Rmax + 100p and \; is a simple eigenvalue of A.
Assume the following gap condition holds:

min(¥; —9;) = 50p and  min (Y; — ;) = 50p. (9.4)
l<j leO4,l>5
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where O = {l € [ry] : \j = 6+/Rmax} is the index set for the supercritical eigenvalues. Then
for z€ T'j(p), we have

P 3p
479? <Jaj(2)| < 52 9.5)
j
L p
. < 7
16;(2) < 35 5 (9.6)
smin(Dj(2)) = 3%' ©.7)
J
In particular, (9.7) suggests that D;(z) is invertible on I';(z) and
197
-1 j
D7)l < 5. ©08)
Define
hj(z) == aj(2) = bj(2) "D} (2)b;(2)
for z € T'j(p). By Lemma 9.2, h;(z) is well-defined on I'; (p). Besides,
21 y—1 P 1L p 37 p
|hj (2)] = laj(2)] = b5 () [7I1D5 " (2)]| = 107 30007~ 15097 >0
and
150 95
hl(z) < =2 9.9
()] < ©.9)
Now we are ready to estimate | K ~'(z)| on I';(p). By Schur’s complement,
K0 = (1 ) B D] @) )
hi'(2)D; (2)bj(2)  Dj'(2) + hy ' (2)D; ' (= )b( )b;(2)" D (2)
We decompose K ()~ ! as
(00 - 1 bj(2)" D} (2)
K(z 1=< _ )—Fh.lz( _ .
7 =0 5;7@) MO ppeme) b @ D)
Note that by setting v := b;(z)TD r ~1(2), we have
I b (z)T 1(2) > (1 VT> <1> T
H:= _ = = 1 v*).
(Dj H(2)bj(2)  DjH(2)bj(2)b ( )TD;(2) v ouv! v) )
Hence,
[B] = 1+ v[* = 1+ b;(=)" D (2)|* < 1+ b ()17 - [D7 ().
It follows that
[K)7H < 107 ()] + [hy (2)] - ] (9.10)

<D+ 105 )] (1 + 15 ()1 107 )17

31



Plugging the bounds in Lemma 9.2, (9.8), and (9.9), we get
195 15097 1 997
IK@) <2+ —=2L(1+—] <=2
3p 37 p 900
Together with (9.3), we arrive at

_ _ 992 7100\ M
sup |[K7'(2)B(2)| < sup |[K7'(2)] - sup IB(Z)<2]'<99> 5 <L
z€T'; (p) zel';(p) zel(p) p P

where we used p > 5M in the last inequality.

By the assumption (9 4), K (z) has exactly one root ¥; inside I';(p). By Lemma 9.1, there is
exactly one eigenvalue Nof A lying in the cycle I';(p). To complete the proof, it remains to show
that X = )\

To establish the index matching N = Xj, it suffices to verify the following eigenvalue counts
for the perturbed matrix A:

1. There are exactly j — 1 eigenvalues lie strictly to the right of I';(p);
2. There are exactly n — j eigenvalues lie strictly to the left of I';(p).

As noted previously, the eigenvalues of A outside [—| E||, | E|] are exactly the zeros of f(z) =
det(K(z) — B(z)), with matching algebraic multiplicities. To establish the above eigenvalue
counts, we define new contours as follows. Recall that D(¢;, p) := {z € C : |z — ;| < p} denotes
the disk centered as ¢J; with radius p. Set

D = U D(Yy, p), D; := D} uD(¥;,p), 9.11)

I<j

and let C;-L = 6D;-£ be positively oriented on each connected component. By our gap assumption
(9.4), the disk D(¥;, p) is disjoint from D7, and every supercritical root excluded from D;-L lies
with distance at least 49p from Cji.

Define the auxiliary matrix

Ao(2) = diag(ai(2),...,an(2)) with a(2) =\ ' — ul ®(2)uy. 9.12)
We show the next result whose proof is deferred to Section 9.1.1
LEMMA 9.3. Under the assumption of Lemma 9.2, we have

sup [Ao(2) 7 (K (2) — Ao(2))] < 1, sup [ K (2)” 'B(2)] < 1.

zEC;L zeC =

Hence, by Lemma 9.1, det(Ay(2)), g(z) = det(K(z)), and f(z) = det(K(z) — B(z)) have
the same number of zeros inside each region Dji. Now

det(Ao(z 1_[ oz
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and among these factors on the right-hand side, only «;(z) with [ € O, have zeros in the super-
critical regime, namely at z = 9J; (see Proposition 5.1). By construction, D;T contains exactly the

roots U1, ...,19;_1, while Dj_ contains exactly the roots ¥1, ..., 9;. Therefore, f(z) has exactly
j — 1 zeros in D and exactly j zeros in D; .

Since D_\DJr D(¥j,p)and I'j(p) = 0 D(ﬁ p), it follows that det( K — B) has exactly one
zero in D(Y, p). This is precisely the elgenvalue X enclosed by I'j(p). Therefore there are exactly
7 — 1 eigenvalues of A strictly to the right of 2, and hence

o~ ~

X =

9.1.1 Proof of Lemma 9.3
K(z) — Ao(2)
K(z) — Ag(z) = —Off(UT®(2)U),

We estimate | Ag(z) !

bl

,and | K ~!(z)| respectively for z € C;—“. Since

we have
| K(2) = Ao(2)| < [OF(UTD(2)U)].

Claim. For z € C;-i, the following estimates hold:

L p
on(2)| > 511 ©.13)
2 p
b; < ——>, 9.14
i < 55720 ©.14)
L p
off(UT®(2)U)|| < = =5, 9.15
O (U B(2)0)] < 515, ©.15)
O (UTe(2))] < o0 ©9.16)
10 |2)2 ’
We defer the proof of this claim to the end of this section. Using these bounds, we first have
_ _ 1 K&
Ao(2)7Y = max |o; 1(2) = —————— < 25
Aol =3l ) = el <7

Hence,

sup Ao () (K (2) — Ao(2))]] < sup [Ao(2) "] sup [K(2) — Ao(2))]

zeCji zeC— zeC—
ol 1
ST 52

Next, we estimate HK (2)71 for z € C; which is similar to the previous estimates on I';(p).

Since HOff (UTd(= H HOH (UTd(2)U)

, from (9.22) and by the Claim, we get

. _ T ,
Smin(Dj(2)) = F’l]l\r{l]} lag(2)] HOH(U_]<I>(Z)U_J)H
1 p 1 p 3 p

>_ L - P 2P
20z]2  5z2  10|z|?
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and thus

[hi ()] = la ()| = [b;(DIPIDF () = 5 g —

Lo (2 p\' 3 359 p
10 p 75022

Hence, |h;1(z)] < %% and by (9.10),

1K ()7 < 1D )+ 1 )] (14 Ibs2) 12 - 107 ()1?)

1022 750 |2 2 p \2/3|22\?
<2 2B (2 L) (22D
3 p 359 p 25 |22 10 p

2
< 5.5ﬁ.
p
Finally,
K 1(2)B < K1 . B <5 5%% 1
sup [K™7(2)B(2)| < sup K™ (2)] - sup [B(2)] < 5. 5 <1,
zEC;—r zec’ji zeCy P |Z|

where we used p > 10M in the last inequality.

To finish the proof, it remains to prove the claim.

Proof of (9.13) We bound |« (z)] for z € C]i, The proof is similar to that of (9.29). We split the
discussion into three cases: [ € Oy, € [r1|\O4, and [ € [r]\[r4].

Case 1: | € O1. We have \; = 64/ Rpax. By Proposition 5.1, define ¥; as the unique solution to
al(z) = 0. Also, ¥; = 54/ Rmax-
Forz =2+ +/—1ye€ Cji, we have |yl < pandz > 9, —p > %19]- > 44/ Rpnax. Note that
using the same estimates as (9.20) and (9.21), we have
41 3

=2 < of(x) = —u} ¥ (x)uy < ot 0.17)

Indeed, we refined the constant for the lower bound using x > 44/ Rpax:

1 243R2,. 1 243 4

22 5 26 52"

ay(z) = —u ' (x)u; = 5- 256

Since oy (¥;) = 0, from |a;(z)| = | Sf;l a;(t) dt|, we get

4 |x — 9|
= < <3
5 20, | ()]

(9.18)
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Now the Taylor expansion of a;(z) at x yields:

a(z) = au(x) + vV =1yoj(x) + az( )(vV-1y)?,

where ( lies in a vertical segment connecting = and z. In particular, |(| = = > 4/ Rpyax. It follows
from part (i) of Lemma 5.1 that

o7 ()] = Ju @"(Quil < |2"(Q)] < 7745 < =5
Next, plugging in (9.17) and (9.18) yields
() + V=Tyaf(@)] = y/aa(@)? + 20 (2)?
16 (x — )2 16y%> 41 x?
> o - —
\/25 27 Tasat 5\ @ Y

If 9, < 2z, then /9, > 0.99 and

4 |z — i p
lau(z) + vV —1ya)(x)| = @0.99 (x =) +y? = 0.7927 = 0.792?.

If ¥, > 1003: we use the fact that the function f(t) = =% is increasing for ¢ > x. Its minimum

ol
value occurs at the boundary ¢t = 100:3 By (9.18),

49, —x 410%—3; da
V—lyaj(z)| = > - > - = :
Since x > 99p, we have 500962 > go?)ié 0.792%.

Hence, we obtain

2
au(2)] > lou(a) + V=Tyai(w)| - 1475

14 p p P
>0792L 2P L P o :
z2 9922 " 222 7 2|22

where we used |z| = z = 99p = 99]y|.

Case 2: 1 € [r+]\O4. The lower bound on |a;(z)| follows the same approach as (9.27). We skip
the proof. In this case, we have

2
P 99 P P
loy(2)| = 70192 > 70 (100) Pike 60|Z|2.

Case 3: 1 € [r]\[r+]. Wehave \; < 0. For z = = + /-1y € Cji, we have z > ¥ — p >
1909019 44/ Ry ax. From (5.3), we expand



Note that

Furthermore, we have

Ruax  A45R%.. 173 Rpmax 173 @
+ — <

< < —
2P T8 [2ff T 128 |23 T 1281622

1
;ulTRul +ue(2)u| <

using the bound |z| > = > 44/Rp,ax. Hence,
z 173 = p

> - > .
@)= 75~ 5 16 a2 EE

Combining the above estimates, we have proved (9.13).

Proof of (9.14) The proof is almost identical to that of (9.6). We briefly it here. Following the
same approach as (9.6), we first get

0s¢(R)  15Rmax osc(R)
b; < R) < —=—
H ](Z)” 2|Z|3 2|Z|5 OSC( ) < |Z|3
Since |z| > ¥; — p = 751; and
osc(R)
> 13 ,
p 0,

we further get

< — < , 9.19
B S99 9, A2 S 991312 ©.19)
and hence 5
)
b; < ——.

Proofs of (9.15) and (9.16)  The bound for Off (U ®(2)U ) are almost identical to the bound for
Off (Uijb(z)U,j) derived in (9.7). We briefly sketch it here. It follows from the same steps that

15Rmax 15 osc(R) 1 p
Off (UL e(2)U_,)| < sc(R) < —=—127- <
H ( —]5(2) J)H \/§|Z|5 056( ) 9\& |Z|3 10|Z|2

and

osc(R) N 15 Rmax
FIEERRNVGTEE

osc(R) <1 15 >
< -+ <
12 \2 92

|ofF(UT;@(2)U_;)| < osc(R)

where we used (9.19).
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9.1.2 Proof of Lemma 9.2

Recall from (9.2) that
osc(R)
A
By our assumption, p < A;/100. From the estimates in (9.1), we also have
osc(R) - 13080(R) '
U; U;
For z € T'j(p) satisfying |z — ;| = p, we have

99 101
9 <9y~ p< |2 <Y —p< 0.

p=5M+15

p=15-0.87

Proof of (9.5). We first estimate |o;(z)|. Recall that «;(1;) = 0. By Taylor’s theorem,
a;(z) = o(9;)(z — 9;) + Ea,

where

1 1 "
< |z —; = Q).
ol < 5l — 0 max [of(Q)] = 3o* max |af(Q)

By part (ii) of Lemma 5.1 (see also (A.15)),

1 243 RZ 1 243 2
T
Oé;(ﬂj) = —U] (I),('ﬂj)uj = @ - 5 ;;%ax = ﬁ ( - 581) = W (920)
J
For ( satisfying |( — ¥;| < p, we have (| = V; —p > 1909019 > 44/ Rpax. It follows from part (i)
of Lemma 5.1 that
28 100\* 1 29
" Tx/ "
@(0)] = 1 ¥ (C)us] < 19"(Q)] < 75 < 28 <99> 7
Thus, )
29 p 29 p
B FSm< 73
Baf < 5 93~ 200 9
and 5 99
4 P P
(2)] = 5 — — 5 > .
N = 552 ~ 50092 ~ 197
For the upper bound, observe that
a;(2)] = |ai(z) — a;(9;)] < max [o:(Q)] - p.
|aj(2)] = laj(2) — a;(9;)] \c—ﬁj|<p| i(Ql-p
By part (ii) of Lemma 5.1 (see also (A.15)), we have
1 3VN 243 R2 | 2 3
< < 5 < — 9.21)
SO TR+ e 75 o <P < @

J
using |C| = 1909019 and ¥; > 54/ Rmax. Hence,



Proof of (9.6). Next, we estimate [b;(z)]| = HUTj@(z)uj |. Since UTjUj = 0, using the expan-
sion of ®(z) in (5.3), we immediately get

1
bj(z) = ;UTjRuj + Uzja(z)uj.
Thus,

|U2 R
16 ()] < éﬁ + UL je(2)uy])-

Since UTjuj =0,
1
UL Ru;|| = [UL(R — el)uj| < [R — eI < 505¢(R)

by selecting ¢ = %(Rmax + Rpin)- Similarly, we also have

15 Rimax
2|z[°

UL je(2)uy] < 1osc(g(z)) <

5 s¢(R),

where the last inequality follows from Lemma 5.2. Thus

0s¢(R) = 15Rmax osc(R) 100\?o0sc¢(R) 1 p
(2)] < R) < 2 < (2 —°
b5l < 5nE + 5 R < 8 09 ) @ T 100
by our assumption p > 15%(?).

Proof of (9.7). Finally, we show the lower bound on smin(D;(2)). For each [ € [r], set

a(2) =N = ().

We rewrite
Dj(Z) = Aijl — UTJ'(I)(Z)U_]'
= A:jl — diag(u?@(z)ul)lem\{j} — OH(UTJ-(I)(Z)U_]')
= diag(al(z))le[r]\{j} - OH(Uqu)(Z)U_j).
Thus,
min(Dj(2)) > mi — o (UL, ®(2)U_;)|. 9.22
smin(Dj(2)) > min_Jou(2)| — |OF (U2, 2(2)U) | 9.22)

We first bound Oﬁ’(UTjCI)(z)U,j). By (5.3),
1.1
Off (UZ;®(2)U—;) = Off (Z1 + ZUZLRU-; + ULje(2)U-)

= OE(%UTjRU_j) + Off (UL e(2)U_j). (9.23)
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Note that
Off(UT;(R — e1)U_;) = OF (UL, RU_)).

Choosing ¢; = %(Rmax + Ruin), We get
HOH(UTjRU,j) H <IR—al] < %OSC(R).
Similarly, we also have
O (UL e(2)U-) | = [0 (=(2) — e2D)U-)] < [le(2) — ],

Decompose ¢(z) = diag(ey(z)) = diag(xx) + v/—1diag(yx). Set coa = ¢z + v/—1cy =
%(maxk xp + ming x) + v/ —1(maxy yi + ming yx ). Then

1 1 1
len(2) — c2|?® = |zg — col® + |yr — ¢y |?] < Zosc(sc)2 + Zose(y)2 < iosc(s(z))Q.
It follows that
JOfF (UL e(2)U_;)| < Losc(es(z)) < 15Rmaxosc(R).
I NG NoTE
The last inequality is by Lemma 5.2. Combining these estimates with (9.23) yields
0s¢(R)  15Rpmax
Off (UL, @(2)U_;)| < + osc(R 9.24
osc(R) (1 15 >
< -+ —=
2P \2  9v2
1.80839(373) < i—gé
) 3
where we used [z| > 2%0; and p > 13%(;3).

It remains to bound minge(,)\ 5y [z (2)| where
a(2) = N =l ().

Define
Oy :={le[ry] : i = 64/ Rmax}-
We split the discussion into three cases: [ € Oy, 1 € [r4]\O4 and [ € [r]\[r+].

Case 1: 1 € O,. We have \; = 6+/Rpax. By Proposition 5.1, define 1J; as the unique solution
to ay(z) = 0. Also, ¥; > 5v/Rpax. Using similar estimates as (9.20), we get, for any real

t 2 3\/ Rmax’

a)(t) = —uf O (t)uy = =3

Since oy (v;) = 0,
|91 — 7]
V(05 + [0 — 95

oy _ 9.
J‘J 2 dt'_2|191 ’l9j‘>

f’ﬂj ,( )d ‘ 2
ajtydt| = || =5 dt| = >
: g, 5t2 5 90; T 5

9y

|ea(9;)| =
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The last step is from ¥; < 9, + |U; —v;|. Since |¥; — ;| = 50p by our assumption (9.4), together
with p < 9;/100, we get

40 p
lay(95)| = gﬁ—g
Next, using the same estimates as in (9.21), we also have
P
(V) — au(z)] < e (O] - p < 317?-
Hence,
40 p 10 p
lag(2)] = |eu(95)] = |eu (V) — cu(2)] = <3 - 3> 9 = Xzl (9.25)

Case 2: 1 € [r]\O4. Wehave 0 < \; < 64/Rmax < A;. From

ar(z) — oj(z) = ()\l_l - )\j_l) — (u ®(2)uy — ujTé(z)uj) ,
observe that

A= A
A

lay(2) — a(2)| = T@(z)uj| . (9.26)

Furthermore, by (5.3),

1

1
‘u?@(z)ul - u;fd)(z)u]-‘ = ;u?Rul = Z—Su;FRu] — (ufe(2)uyy — u}a(z)Uj)

1
< W‘UITRUZ — u]TRuj\ + |uf e (2)uy — ujTg(z)uj\

osc(R)
EE

+ osc(e(2)).

For the last inequality above, since u;, u; are unit vectors, their quadratic forms represent convex
combinations of the diagonal entries. Therefore, the difference between them is strictly bounded
by the maximum pairwise distance in the complex plane, which is the oscillation.

By Lemma 5.2,

T@(Z)Uj| <

osc(R) 15 Rmax <§OSC(R)
|2[3 22 ) T3 [2P

Continuing from (9.26), together with |a;(2)| < % from (9.5) and the triangle inequality, we
j
obtain

)\j — )\l B §OSC(R) 3p

2 3 92
S 3 |z 05

| (2)] = |au(z) = a;j(2)] = |aj(2)] =
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Since \; < 64/ Rmax and Aj = 64/ Rmax +100p, we have \j —\; = 100p. Using our assumptions,

2| = 2.9, 0.87\; < ¥ < 1.16); from (9.1), and p > 13%@. Thus we get

8 /100 osc(R) p
> (100-0.872—3) 2 2 (=2 702 9.27
ou(2)] > ( s () “o g ©.27)

Case 3: | € [r]\[r4+]. We have \; < 0. Using the expansion (5.3), we get

1
T
Uy <I)(19-)u1 = — + + 61(19')
J 19], ,19? J
1 1 45 R?
2 _ 19 > — - max
5; el > 5 - § 5
1 51 67 1
Z— == = —
vy 729 729

67 1 _ 6700 p
> > —
72 0?

Using similar estimates as (9.20), we have |a}(()| < % for any ¢ satisfying |¢ — ¥;| < p.
j

Consequently,
—oy(95)| < p- Q) < 3L
au(2) —au(9;)[ < p Kg}ﬁ;p!%(()\ 52
and
6700
lau(2)] = |eu(0;)] — eu(z) — ew(¥;)] = (= —3) 5 > 302 (9.28)
72 19]. z9j
Finally, combining (9.25), (9.27), and (9.28), we obtain
. 10 p
min |o(2)| = ——. (9.29)
Ze[r]\m| @l=3 U5
Continuing from (9.22), together with (9.24), we arrive at
. 10 1.8\ p p
) , _ T A 22 ~
smin(D3(2)) > min_Jou(2) HOfE(U_]@(z)U_J)H > ( T3 3> 7 3 i

This completes the proof.
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9.2 Proof of Theorem 6

Theorem 6 will be proved using similar techniques and estimates as Theorem 5. We briefly sketch
it here. Recall that p = p; = 10M + 15°SC(R)

To establish the lower bound for the top ] outlier cluster, we define the block contour enclosing
the deterministic roots /1, .. ., ¥;. Following our previous notation (9.11), let

J
U Q9la pj

and let Cj_ = aDj_ be its positively oriented boundary. By our gap assumption min;~.x (9, —9;) >
50py, every supercritical root excluded from D, lies at a distance 49p from C,;, ensuring the

contour is strictly isolated.
Recall from (9.12) that

Ag(z) = diag(ai (2), ..., ar(2))  with ay(z) := N — 0] ()
The main goal is to establish an analogous result to Lemma 9.3:

LEMMA 9.4. Under the assumption of Theorem 6, we have

sup [Ao(2) (K (2) = Ao(2))] <1, sup |K(2)7'B(2)] < 1.

zeCj zECj

Because the boundary Cj_ maintains a distance of at least p; from any enclosed root 1;, the
uniform estimates established in the Claim of Section 9.1.1 hold identically for all z € Cj_. Con-
sequently, Lemma 9.4 holds.

Hence, by Lemma 9.4 and Lemma 9.1, det(A(z)), g(z) = det(K(z)), and f(z) = det(K (z)—
B(z)) have the same number of zeros inside the region D;.

Since det(Ag(z)) = [[;_; ai(z), its zeros in the supercritical regime occur at ¥;’s. By con-
struction, Dj_ contains exactly j suchroots: 91, ..., v;. Therefore, f(z) has exactly j zeros inside
D7 . As noted previously, the zeros of f(z) outside [—| E|, | E|] correspond exactly to the eigen-

values of the perturbed matrix A. Since the eigenvalues are strictly ordered (i.e., X~1 = > XT),
these j enclosed roots inside ;" must be exactly the top j perturbed eigenvalues A, ... Ay Be-

cause all j of these eigenvalues lie strictly inside D", their locations are bounded from below by
the leftmost boundary of the region.

Recalling that ¥; := minig<; ¥, the real part of any z € D, satisfies Re(z) > ¥y — px.
Thus, we conclude that for all s € [k],

The proof is complete.
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A Proofs of Lemmas 5.1, Lemma 5.2, Proposition 5.1, and Lemma
54

A.1 Proof of Lemma 5.1
Fix z with |2|2 > 6 Rpax.
Proof of Part (i): Define a mapping F' : C" — C” componentwise as

1 1

(F(y)); = Z_Zjaz?jyj = =)

Consider the metric |y| o = max; |y;| on C™. Note that ¢ is a fixed point of F, i.e., F(¢) = ¢.
Define a closed set

3
= n. < — 7.

We first show F'(B) < B. For y € B and every i € [n],

2 z
(9 = | E 03051 < Iyl < s <
J
by our supposition |z|? = 6 Ryax. Hence,
2
|z = (Zy)il = 12| = [(Zy)i] = 3]z (A1)
and . 5
FW)il = T S 50
W= g < a7

This shows that F'(y) € B.
Next, we show that F' : B — B is a contraction. Take y,y’ € B. For each i € [n], using (A.1),
we have

- 05y — )
‘ (z = (Zy)i)(z — (Zy'):)

|(F(y); = (F())

RmaXHy B y/HOO 9 Rmax / 3 /
Since (B, | - ||o) is a complete metric space, by Banach’s fixed point theorem, F' has a unique

fixed point in y* € B. Since the solution ¢ to the QVE (5.1) is unique and ¢(z) — 0 as |z| — c0.

Therefore, ¢ = y* € B. In particular,
max|1(2)| < o (a2)
X 1 X . .
i 2|z|

‘We have

’(Z¢(2))i

3
_ ‘;ggquj(z)‘ < gy e (A3)
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Hence,

;0505(2)] < 3[z| and
9 )
Zlz] < |z —Zal-jqﬁj(z)‘ < 1|Z|
J

To show the bounds on ¢’(z), differentiating the equation ¢;(z) ™! = 2z — 2105 2.0i(2) gives

_(;51( ) 2¢z Zaz](rbj

hence
(2) = —0u(2)* (1 - Z%% ))

and
n

91(2)] < Iou(2) (1 + Y 031} (2)])-

j=1
Let M; := max; |¢}(2)]. By (A.2),

9
4z

M1 < (1 + Rma.le)~

Since Ruax/|2]? < 1/6, we solve M < e |2 + 2 M to obtain

18

/
M, = m?X|¢i(Z)| < FEE

To bound ¢”(z), similarly, differentiating the equation one more time yields

n

#(2) = —26:(2 (1—Z%¢ )) + 6il2) ‘2

Hence,
n
167()] < 2lei(=)|164(2)] (1 + 2 oB105()) + 6i(2)P Y %16 (2)].
j=1
Let My := max; |¢!/(z)|. Using the previous bounds on M; and (A.2), we have

My <2

3 18 ' ( 3) N 9RmaXM2.

2] B\ T E) T AP

Thus,

3456 28
<

My = max|¢i (2)] < 1252 S 2
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Proof of Part (ii )' In the following, we prove (5.2). From ¢;(z) = ﬁ and the exact identity
1

14 Z( o) treating z = (X¢);, we get

_1 (X 1 (E¢)i 1 o
¢Z(Z) = ; + m = > + (Z) = > + (51(2), (A4)
e (S6) OR
’51(Z)| < |Z| - |¢Z(Z)| < Z |ZZX

by (A.2) and (A.3). Next, from the algebraic identity ﬁ = % + Z% + ﬁix), we also have

1 b i by 2 1 b % <
- + (;f) + ( z(z)z ¢i(z) = 2 + ( z(f) +9i(2), (A.5)

pi(2) =

where, by (A.2) and (A.3), we have the estimate

< (2] 27 R?
5i < 7, \ max.

Now we plug (A.4) into the term (224425)1 in (A.5):

R, 2 Uizj(sj(z)
22 ) Z"w <z 0 Z)> =57 2

Observe that )
Zj O-ij(sj(z) Rmax 9 R2
5 g max‘
2 SRFE m&XI i@l < EE

Combining the above estimates, we arrive at the final expansion:

0'.2. (z .
oi(z) = % + % + (51(2) + W) = E + % +€i(z)

22 z

with the error term ¢;(z) satisfying

- 2, 0505(2) 27 R? 9 R 45 R?
i < 51 Y2 max max __ max'
()| < J8i(2) |+ | S| < G e = e

This proves (5.2).
To prove (5.4), we start with

6= (T4 5 +a) = -5 - Tt a e

z 23

Recall that



where

It remains to bound |¢/(z)|. Note that

(X¢):

gbl(z) and Sl(z) = 22 (]5,(2)

X¢'); X9)i
() = - Eigy ey + By By
z )i 29)i(E¢') )7
3(z) = 2200 4, ) 4 2 B0 ) | O 1)
Plugging in the previous estimates
3 18 3R 18R
7 Y ) )Y ) < maXu by /i < — =
62 < g ) < g (0] < S (S < o
yields
5 2
16:(2)] < 13057“}” and |5;(z)|<31.05R22X.
Together with |J;(z)| < %Ff;"%x, we obtain that
/ Rmax
Eh(=)l < I8z 32%5 22% < 186

We have proved (5.4).

A.2 Proof of Lemma 5.2

Fix z € C with |z| = v/6Rpax > 0. Let 4/- denote the principal branch of the complex square
root on C\(—o0, 0]. Recall that in (5.1), ¢;(2) = m For comparison, for each i € [k],
5 %ij Pi

if R; > 0, define an auxiliary function

z—22 AR,z (1_ 1_4R¢>

2RZ‘ N 2Ri 22

and if R; = 0, define m;(z) = 1. Then m;(z) satisfies the quadratic equation

1
mi(z) = Py o g g (A.6)
Set
di(z) = ¢i(z) —mi(z) and d(z) = (di1(2),...,dn(2)).
Then

®(2) = diag(mq(2),...,mu(2)) + d(2).
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We can rewrite

1 R; 1 R;
ei(z) = ¢i(2) — e T mi(z) — pollw s di(2),
which yields
1 R
osc(gi(z)) < osc (mz(z) -~ z?’) + 2[d(2) ] c0- (A7)

We now bound each term on the right-hand side separately.

We start with the first term on the right-hand side of (A.7). Since |4§i | < % < 1, the binomial
4R;
22

a8 s (3) ()7 e Ra ()

where Cy, = %—'rl (Qkk ) denotes the Catalan number. Applying this expansion

series for /1 — w is absolutely convergent at w = . Hence,

we get
[0’} k+1 o0 k+1
z 4R; /% z R;
mi(z) = 55 1—(1-22@( | > ) —R<ch 2k+2>
t k=0 i \k=0
1 R & RE 1 R

:Z+23+I§20k22k+1 =~ ) (A.8)

and thus
1 1 .
D(z) = ;I + ;R + diag(v;(2))1<i<n + d(2). (A.9)

It follows that

where we used

|R} — RS = |(Ri — Rj)(R} ™" + R °Rj + -+ RV"1)| < 0sc(R) - kRjax

max-*

47



Since Rumax/|2|? < 1/6 by our assumption, we continue to have
1 Rz max Rﬁla?(
osc (mz(z) - 23) < (Z kCy—7 EEC ) osc(R)
Rmax ka
e osc(R) (Z 6k_2>

k=2
11R
< max
|2]°

N

sc(R). (A.10)

In the last step, we used > ;7 2% Li%3

of the Catalan numbers

< 11. This can be derived by taking the generating function

(A.11)

0¢]
Y Gt - 1-Vi—dz

2z

The sum is S = > /7, kCja*~2 evaluated at x = 1/6. Differentiating the generating function
gives ¢/ (z) = Y77 kCra*~! = 1 + 2S. Therefore, the sum is exactly given by S = -l

xT

Taking the derivative yields ¢/(z) = 1_292;5_7\/17 ”_14_964’6. Evaluating this at = 1/6 gives ¢/(1/6) =

124/3 — 18. Substituting this back into the sum formula yields the exact value:
0
kCY,
Z o7 = 6(12v3 — 19) <

Furthermore, we obtain the following bound for later estimates:

R, — R, 1 i
]mz(z) — mJ(z)\ < “2‘3” + osc (mz(z) — ; — i)
0s¢(R)  11Rpax

e )
1\ osc(R)  Tosc(R)
<|(1+-= = — . A.12
(146) 0 =570 12
In the last inequality, we applied Ryax/|2|> < 1/6.
Next, we turn to the second term on the right-hand side of (A.7). For each ¢, we have
4:(2)| = [6:(2) — mi(2)] = L
' ’ ’ 2= 3,050i(2)  z— Rimi(2)
_ |Rimi(z) = 3 05:6(2)]

|2 = 2 005(2)] - |2 — Rimi(2)]

<7 P}R i )—Zo—fj@(z)]. (A.13)
J
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For the last step above, observe that [z — >, afjgﬁj (2)| = 2|z| by Lemma 5.1 (i). In addition, we
claim that
2)|

3
To see this, from (A.6), we have |z — R;m;(z)| = m Using the series expansion of m;(z) in
(A.8) and Ryay/|2|? < 1/6, we get

. 1 &G c1f6) 15
lm; (2 |\||Z (||2>\\z|26 |2| <|Z|7

where c(x) is defined in (A.11). The claim is proved.
It remains to estimate |R;m;(2) — >, aquﬁj(z)\. We write

Rimi(2) = D 0%,65(2)] = | D0 (mi(2) = mj(2)) + 3 0% (m(2) = 65(2)|
J J J

< ZO‘EA’ITLAZ) — mj(Z)| + Rmade(z)HOO‘

|z — Rim;(2)| =

Plugging in (A.12), we further have

7 Rmax
|Rim’b Zo-lj(b] \ |Z| C(R) + RmaXHd(Z)”OO

and thus from (A.13),

2 (7 Rmax
) = i 442 = (G205 (R) + R
7 Rmax 1
NERPE osc(R) + ng(z)Hoo.
Rearranging terms, we arrive at
7 Rinax
1d(2)]eo < 2 osc(R). (A.14)

Finally, we conclude that

1 R; Rmax
osc(gi(z)) < osc (ml(z) - 23> +2||d(2) [0 < 14.5 osc(R).

A.3 Proof of Proposition 5.1
By part (ii) of Lemma 5.1,

1 V.. 45 R?
u]-T<I>(z)uj =-+ % +€j(2), lej(2)] = ‘UJT‘S(Z)“J‘ ) ;n;x’

for all real z > 31/Rpax. For brevity, denote f(z) = ul ®(z)u; and thus @;(z) = 1 — X, f(2).

J
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We first show that &; has a unique zero. Note that V;; > 0. At 2z := 34/ Rmax.

f(z)_uTq)(Z)uA>l_475Rr2nax_ 1_ 4 1 __67 1
07 = T PR = 5 3 83 ) VRmax 216 VRmax

20 8 z

hence
67 Aj

= . < 11— —
a;(z0) 216 v/ Ro

since Aj = 6+/Rmax. On the other hand, &j(z) — 1 as z — co. Next, by part (ii) of Lemma 5.1,

<0

1 3V 243 RZ
f(2) = uj @' (2)u; = 2 TAf] +ei(2), 1) = [uje (2)uy] < e A1)

Therefore, on the interval [3v/Rmax, ),

max

22 5 26

d(z) = —f'(2) > A, ( L _23R, ) =0

since
243 Rfx _ 243 1 2431 1

max - = <
5 26 7 5 8122 40522 2%’
Therefore, o is strictly increasing, and has a unique and simple real zero ¥; € [31/Rmax, 2).
Observe that at z = \;/2 > 3v/Ruyax and z = 2)\;, we have

2 452°R?
a;j(Aj/2) = 1 — Ajug @(Nj/2)u; < 1— A ( _ > max>

N8 N
)
<-1+—=<0
+36<
and
1 45R?
-~ T max
Oéj(2>\j) =1- )\juj (I)(QA])UJ = 1-— )‘j (2)\J + g 25;;)
1_ 45
2 9216

Since @ is strictly increasing, we have

)\.
o <V <2

Now we locate ¥;. Note that f(1);) = )\j_l. We introduce a scalar comparison function

s RV,

2Vj i

my,;(z) =
which satisfies the quadratic equation

(A.16)



This function approximates f(z) = ujT<I>(z)uj by noting V;; = .. u;(i)*R; and the definition of
@i(z) in (5.1).

Denote Y
Tji= /\j + /\i]]
Then x; is a zero of 1 — Ajmy j(z) = 0. Indeed, plugging my j(z) = % into (A.16), we get
Aj=z—=Vjymy;(z) =z — % and thus z = \; + %

J
Next, we expand my ;(z) as a Catalan series the same as (A.8) at z = x;:

1 1V, v
3= my j(z;) = - + Z Ck 541 2k;+1‘ (A.17)

j ijk2]

>

To estimate |); — x|, we first show that f(x;) = u;rq)(xj)uj ~ /Tl] = f(?¥;). Then we apply
the mean value theorem to bound [¢; — z;|.
In the proof of Lemma 5.2, we have the expansion of ®(z) given in (A.9). Hence,

Rk:
flz) = uf ®(z))u; = {J + 2 C 2k+1 + ) d(z))u;.
J ]

Subtracting with (A.17), we obtain

0

Fay) — F0))] = | (z5) - jj| <) Sk

k=27

]J Z UJ Rk

+ [l d(z;)] -

Note that

< kRp Z uj(i)? [Vij — Ryl

< kRF

max

Vij = 2 ui()*R

< Du(i)? |V — R

OSC(R).

Following the same step as (A.10) and combining the bound on ||d|, in (A.14), we arrive at

Rmax 7 Rmax Rmax
) — f(09)] <11 R)+ = R) <145 R).
)= S0 < N5 0se(R) + 5 "5 ose(R) < 145 ose(R)
Finally, by mean value theorem, | f (m]) f(95)| = |zj — ;|- | f'(w)| for some w between x; and
¥j. Since A;/2 < ¥; < 2)\; and z; < 2);, we have w < 2/\ By (A.15), we get

1 243R§nax>1< 243) 2 1

"(w) > — — > — = > :
W)= 5 =5 70 = 5-81) 5w~ 102

Rearranging yields that

V..
N+ -2 -0
J )\] J

=|z; — V| < 145Rmaxosc(R).
Aj

The proof is now complete.
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A4  Proof of Lemma 5.4

We apply Corollary 3.12 from [14] with a standard truncation technique. Denote
Ly := Komax ((D + 4) logn)"/2,

By a union bound, we have

P(max |Eij| > L) < n?-2exp(—(L,/K)?) = 2n~(P+2),
2,J

,

We split F into big and small parts according to L,,. Namely, we write £ = Z + M + B, where
we define these symmetric matrices via

Zij = Eijlyp,<r,) — B(Eij g, 1<0.y), Mij = B(Eijly g, 1<r.}), Bij = Eijlyp,|>L.)-
Note that if max; j |E;j| < Ly, then B = 0. We work on the event £ = {max; ; |E;;| < Ly}

below and previous calculations suggest that P(£) > 1 — on~(D+2),
Next, we bound || M |. Note that since Ej; has mean 0, M;; = —E(E;;1 g, |>L,))- Therefore,

0
1Myl < BBy 15 11,0) = || PUB| > 0)dt < 2Ln =0+
since P(|Ey;| > L) < 2n~ (P4, Then we have

| M < max Y[ M| < 2Lyn~ P+
b

Finally, for the bound on ||Z|, we apply Corollary 3.12 from [14]. Note that Z;;’s have mean
0 and |Z;j| < 2Ly. Also, E(Z3) < E(E};) = o7;. Applying of [14, Corollary 3.12 ], together
with a standard symmetrization (as in the proof of [14, Corollary 3.3 ]), yields that for ¢ > 0,

P (qu > 2v2(1 + €)5 + t) < nexp(—t2/(ccLy)?).

We choose € such that 24/2(1+4¢) = 2.9 and denote ¢, = c. The parameter & = max; p E(ZEJ) =
max; U% = v/ Rmax by our supposition. Choosing t = c¢L,+/(D + 3) logn, we obtain that

P (HZH > 2.94/Rmax + ¢LnA/(D + 3) log n) < n-(D+2),
Combining the above estimates, we have that with probability at least 1 — 3n~(P+2),

IE| < |Z] + [ M]| + | B| < 2Lnn~P*+3) +1.50/Rmax + cLn\/(D + 3)logn
< 2.9v/ Rpax + cKomax(D + 4) logn.
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B Proofs of Proposition 7.1 and Proposition 7.2

B.1 Proof of Proposition 7.1

etQ =1—UUT be the orthogonal projection onto the null space of A. Set Py = U, SUT 7 where
= [r[\[k] and Uy = (ug+1,- .-, ur). Then

PU/i' =P;+ Q.

We first prove (7.1) in part (i). Starting from | sin Z (U, Uy)| = HPL% Py | (see, for instance,
[25, Exercises VII. 1. 9-1.11]), we have

| sin £(Us, U)|| = |

(Pr+ Q)P | < |PrPg | + QP |
< |UJUkllr + QP |-

It remains to bound HQP@ | = |QUy|. From the spectral decomposition of A, we have (A +

E)~ﬁ;€~ = ﬁkf\k; Multiplying by @ on the left and noting that QA = 0, we obtain QEﬁk =
QU A,. Since A is invertible, we have

Qﬁk = QEﬁkKlzl

To see that Kk is indeed invertible, note that by Weyl’s inequality, for every 1 < s < k,

3 1
2As = As + B = A=A — |E| = > 5 (B.1)
where the last inequality follows from our assumption As = A = 2| E||. Therefore,
T 12l 12l
|QP5, | = |QEUA| < |QETL - AL < VIRV (B.2)
k

Now we turn to part (ii). Note that (7.2) is given in Eq. (10) of [83]. It remains to prove (7.3).
It follows from the decomposition us = Py, us + Pjus + Qu, foreach 1 < s < k that

ﬁk = PUkﬁk + Pjﬁk + Qﬁk

and thus

|Uy = Py, Urla.co = |PrUx + QU|l20 < |UsUFU
< U200 - 10T Ukl # + |QUk 2,00-

To finish the proof, we show that

k

Romax Z max |lef QZ( )UHQ.

1<z<n

13

|QUkll2.00 <=

s=1
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For 1 < s < k, from the (A + E)u, = Xsﬂs, we have Aug = (XS — E)ug. Therefore,
s = G(N\s)Alls = (X)) Al + Z(Xs) Al (B.3)
and for any canonical vector e;, we obtain
eF QUK = (T QP(N)ALy) Ly + (T QE()ALL) Ly = af) +af”.

It follows that o)
~ 2
1QUk 2,00 = Jax lef QU < max (qu I+l 1)-

We bound qu(l) | and qu(2) | on the right hand side. We start from

k
lat") = 2 No)Ally)?.

For each [ € [n], observe that
e} QP(Xs) ATiy| = |ef QR(A)U - AUTT| < |ef QRA)U| - [AUTT].  (B.4)

Note that
IAUT G| < 2X

This is because from (A + E)i; = Agis, we have Aty = UAU U, = (AsI — E)iis. Multiplying
UT on each side, we further get AU s = UL (\s — E)ts and

AU < (A + | E]) < 2X

by (B.1) and our assumption A\s > A, > 2||E|.
Next, we estimate HelTQCD()\S)U [. Since A\ = %)\s > 34/ Rmax, We plug in the expansion of
®(\s) in (5.3) to get

e QPN U *elQ< I+XR+E(A)> *QQ(%RJra(XS))U.

Note that both R and 5(Xs) are diagonal matrices. Indeed, for a general diagonal matrix D =
diag(dy, -+« ,dp),

ef QDU = e} (I —UUN)DU = ef DU — e} U(UTDU) = el U(d)I — UTDU)
due to ¢; D = dlel and hence,
lef QDU|| < e/ U|(ldi| + [UTDU|) < 2|U2,00] DI

Using the error estimate in (5.3), we have

2
<Rmx L5 Rmax> § % U]y P
)\3

S

e Q)T <

X8 X

S

9
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where we used )\ > 34/ Rmax from (B.1) and our assumption Ag = 64/ R ax. Combining
the above estlmates we contlnue from (B.4) to achieve

~ 13 R x

’e}rQ(I)(/\S)AUSI < ?‘ ﬂ *H HQOO ma

s k:

Thus
k

1 13 Rm «
la” = 4| 3 (eFQe(N)AT,)® < Hmox

s=1 k;

The estimate for

k
g = 2 o) Ai,)

is simpler. Using an estimate similar to (B.4), we have
e QE(N) Ay | = [ef QE(N)U - AU < |lef QE)U - [ATU™ |
< 2l QE(N)U .

Thus

< \2 T Ul’.
o) Z 2 max [ef Q=(2)U|
Combining all the above estimates, we complete the proof.

B.2 Proof of Proposition 7.2
Fix s € [k]. Recall that J = [r]\[k]. We partition J into two parts
={k+1,...,74} and N:={rp+1,...,7}.

Then
1071 = Uz + |[Unts|*.
We estimate each term separately.

Step 1. Bound on ||U . Set Z = [k] U {ry +1,...,r} = [r]\J. We then have the decompo-
sition

A=UNUT =U7A;UF + UrA7US.
Multiplying both sides of (B.3) by U} from the left yields

Ura, = UT® () Aty + ULE(),) AT
= ULO(N\)UsA 7 - ULty + US®(N\s)Uz - AzUF 15 + USE(N)U - AU,

where we have used the decomposition of A. Isolating the term U}ﬂs gives

(I —UTo(3)UA J) ULh, = UL (\)Ur - AZULT, + USEQ)U - AU G, (B.5)
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Denote B B
Lg(As) =1 —Uz®(A\)UgAg.
5)

We first bound the smallest singular value Spin (L7 (A
UF®(A\)Uyg = diag(u] ®(A\s)u;) jey + OF(UFB(A)Uy)
= diag(u] 2(N\s)uy)jes + Qr (As)

). We split

and rewrite
Ly(Xs) = I — diag(u] @(\s)u;)jes Ay — Qr(As) Ay
= ding (1= Nl e ()~ QA
Then
AL ()
As

with AL (X,) = A minjeg [1 - ; juT®(Xs)u;| defined in (7.4).

Now we bound |Q 7(As)A 7| on the right-hand side of (B.6). Since Ay > 3+/Rmax, by the
second-order expansion of ® in (A.5), we have

Smin(Lg(Xs)) = — Qs (XA (B.6)

Q7 (%) = OB (UL (A)U) = Off (i{f) +0ff (UFe(3)Uz)

s

Note, by orthogonality, that

Ho& (U}E(XS)UJ) H _ HOff (U}(g(xs) _ C*I)Uj> H < e(hg) — ¢ 1| = fosc(g(is)),

where we select ¢* = % (maxi ei(xs) + min; g; (XS)> It follows, by applying Proposition 5.2,

that

)\k; 1 13 Rmax>\k: 1
|Qs (M)Al < ZEE[OF (V)| + 5 =5 R osc(R).
/\S 2 A3
Our assumption implies that N
?(A )
5 > 2|Qr () Az
and hence, from (B.6), we get
~ 1AZ(X,)
min L s = = { .
smin(Lg () = =5

Next, we turn to the term on the right-hand side of (B.5). Applying the triangle inequality
yields

UL\ Uz - AzUL s + USE)U - AU |
< |UFRA)Uz| - |ALUF | + [UFEX) U] - | AU .
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For the bound on |AUT %], starting from (A + E)tis = A, we have UAU T, = (A I — E)s.
Multiplying U™ from the left on both sides and taking the norms yield

AU G| = [UT (AT = E)iig| < Xs + [ ] < 2X
The last step follows from (B.1) and our assumption A; = 2| E/|. Similarly, we also have
|ATUL ]| < 2Xs.
The right-hand side of (B.5) is bounded by

2, (JUFe(,)Uz| + [UTER,)U])

It remains to estimate ||U}<I>(A )Uz|. We plug in the second-order expansion of ®()\,) in (A.5).
By the orthogonality of eigenvectors, we get

~ UTRU; ~
T J T
ULo(\,)Uz = St ULe(N)Uz

_ Yoz 1 ( (X)—c*]) Ur

Y AN ’
where c¢* = % <maxi i (XS) + min; el(xs)> . By Proposition 5.2, we obtain

JL
ez < 2+ oG - e
HVJI” e HVJIH 13 Rmax
< A 2osc(a(/\s)) < A 5 v osc(R).

Therefore, the right-hand side of can be bounded by

~ HVJIH 13 Hmax T
2 = + —— + |U s)U

Finally, combining the above estimates, we continue from (B.5) to achieve the bound

2XS <HVJIH 413 R;HXOSC( )—i—HUT"( )UH>

[UFa] < <
Smin(LJ()‘S))
4 0% 13Rmax =
<0 (” L I se(R) + R2107E >U|>
j S S S

Step 2. Bound on |U} ;. Denote the index set K := [r]\\/. We decompose

A = UnANUR + U AU
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Following the same derivation of (B.5), we have
(I - U/\T/Q(XS)UNAN> USti, = US® () Uk - AxUR s + USE(A)U - AU, (B.7)

Denote o _
Ly(Ns) := T — Up®(\)UnAy.

We first bound spyip (E N(Xs)) Since A s contains only negative elgenvalues set Dy := diag(|\])ien =
—Ap > 0. Denote Qs := UN‘P()\ YUy for simplicity. Since ¢;(As) > 0, Q- > 0. Rewrite

Ln(h) = 1+ QuDy = Q37 (1+ QP Dnay ) Q3
Observe that I + Q%QDNQ;\}Q > 1. We get

P Amin (@)
smin (Lar(As)) = o (Qn)

To bound the eigenvalues of Q 7, note that for any unit vector v, vT Qv = (UNU)TCP(XS) (Unrv).
Combining Lemma 5.1 (i), we get

1 ~ 3
— < min AS < )\min max maX < —
< P(As) (Qn) < (Qn) < $(Xs) =
and thus
~ o~ 1
Smin (L/\/()\s)) = g

By the same estimation as in Step 1, we bound the right-hand side of (B.7) by

- (va L 13 R
N2

¢(R) + [UTE(N )UII>

Hence,

~ VNIC 13Rmax —
UNus|<w§(' el D ose(R) + A, U3 >U|>

This completes the proof.

C Proof of Proposition 8.1

Before we prove Proposition 8.1, we introduce the necessary notation and a cumulant expansion
formula to be used in the proof (adapted from [57]).
For any matrix F' € R™*"™ and vectors v, w € R", we write

T . T T . o T ,
Fyw :=v Fuw, oy = e; Fw, Fyj:=v" Fej, Fij .= e; Fej,
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where {e1, ..., e,} denotes the standard basis of R™. Moreover, for 1 < i, j < n define
AY = (14 6;5)7F (eie;-r +ejel), (C.1)

and for a differentiable function f = f(H) of a symmetric matrix H = (H;;) (with {H;; : i < j}
treated as independent variables) set

0 d
o [ = g T 1Ay,

Oijf =

Since there is potential ambiguity between ]@’;(Gw)} and ‘(6%6‘)% , we explicitly note that

T T
05 (v Gw) = v (0;G)w,
and throughout the proof we therefore write ‘&Z’; va‘ with no confusion.

LEMMA C.1 (Cumulant expansion, Lemma 2.4 from [57]). Let h be a real random variable with
finite moments of all orders. For k = 1 define the k-th cumulant by

Let f : R — C be smooth, and write f (k) for its k-th derivative. Fix ¢ € N. Then

l
E[nf(1)] = 3] 2 Coor(WE[FO ()] + Rera.

k=0
where the remainder Ry, 1 satisfies, for any t > 0,

1/2
Rew| <2(0+2). (E[ sup [FD ()| - E[J1(ln) > t)])

|z[<[hl

+ 240 +2) - E[n[*T2 - sup | D ().

|z|<t

Now we provide the proof. Define

L:=diag(ly,...,ln) with Iz:= > 07,Glss. (C.2)

s=1
The main technical task is to establish:

PROPOSITION C.1. Fix D > 0. Let v, w € R" be deterministic unit vectors, and let z € C satisfy

|2| = 64/ Rmax-

(i) Under the general sub-Gaussian regime, with probability at least 1 — 6n~P—4,

3/2 K Omax log?n 4 Oy 500
2|

v (E - L)Gw| < C(D +6)

)

where C' = 1 is an absolute constant.
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(i1) Under the bounded sparse-entry regime, namely if

max |Fjj| < coKomax almost surely and B < B,
0]

then, with probability at least 1 — 6n—LP—4,

Kax ]
0T (E — L)Gw| < C(D + 6)(co + o) —mx 081

EI—

where C > 0 is an absolute constant.

The key to proving Proposition C.1 is the following moment estimates, whose proof is deferred
to Section C.1. For brevity, we denote

D:=(E-L)G.
and bound the moments of
Dy = v (E — L)Gw.

We define a regime-dependent truncation parameter

1004/D + 6 K omax logn, in the general sub-Gaussian regime,
L, = . . (C3)
coK omax, in the bounded sparse-entry regime.
Define
QY .= {E < 34/ Rumax, %%X|Eab| < Ln}
and a slightly larger event
Q= {|E < 3.54/ Rmax, mabX|Eab\ < 2Ln}. (C4)
a,
Let x = x(E) € [0, 1] be a smooth cutoff such that
x(E)=1 onQY, X(E) =0 outside .
Our main technical estimate is the following bound:
LEMMA C.2. For any integer p = 3,
) 3 . o L, 2p—m
B(Dou (E) <CK5 Y, m T | (1Dl 4220 ) 7 x()
m=1
4 O.m+1 L 2p—m
+ CK?p? Z prT R <|Dvw| + 22"> X(E)| +¢p
= ] ||
for an absolute constant C' = 1. Here, we define
K 2
ep = CPp® exp(—5000(D + 6)(log n)g)W (C.5)
z

in the general sub-Gaussian regime and €, := 0 in the bounded sparse-entry regime.
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Using this lemma, we first obtain a bound on

Z, = (E(|Dyu|Px(E))) ™.

By the Holder inequality, for any ¢ < 2p,

E[[Dyw|'X(E)] < <E|Dvw|2pX(E)) v o= ZZ~

The same argument gives

[<|DW| 27 ’>q (E)] < (]E [<|Dvw| +22’L;‘>QPX(E)

Note that by the Minkowski inequality,

(E [(mvw\ n 22|Ij,>2px<E>

We get
E[<|Dvw|+22t1’>qx(E)] (z +22’ >q

Therefore, Lemma C.2 implies

2p
Ly
) < (E[Dvw|2px(E))2P Loolm g 4o

Il S

L, 2p—m
ZQP gCKB Z m— 1 max (Z +22| |>

|2|™
5 o 1 O.m-‘rl 2p—m
+CK?*B Z m= : T;jjl (z +22| |> + &p, (C.6)
where ¢, is defined in (C.5).
We claim that
Ln K X K X 2
z,<C (pz‘ +pﬁ |Z’m‘”‘ + (5 ’Z‘ma > +e;/(21’)> . (C.7)

To see this, consider the case where Z, < 88p| P+ 2ep V) this regime, (C.7) holds trivially.
Now, let us assume Z, > 88p| i and Z, > 251/(2p). Thus, Z, + 22| - < (1+ 4—11))21, and for

1<m<4,
Lo - 1\ 2 1/252
—m —m
<z +22| |) (1+4p) zpp <e zpp )

Moreover, the last term in (C.6) satisfies €, < 2*2”2723” and can be absorbed into the left-hand
side. Hence, (C.6) simplifies to

3 m+1

2p m—19 max 2p—m 252 m—1 9max 2p—m

z2 < ) CKfp mn Z CE*F" (C.8)
m=1
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for an absolute constant C' > 1. Next, we apply Young’s inequality for B - ng "™, Letd >0bea
small constant to be specified later. Since

2p—m\2p/(2p—m) 2p/m
B _ (627" L @9
5 2p/(2p —m) 2p/m
_ §2p/(2p—m) 2p (1/5)2p/mB2Hp.
2p/(2p —m) * 2p/m

2p— 2p—
B-Z2PT" = (Z207™) -

Choose § = 1/100. Then % 1/10 for 1 < m < 4. We absorb the ng terms to the

left-hand side of (C.8). Continuing from (C.8), we have
3

m 2 4 m+1 2
2p m—1%max \ " 202, m—1 “max "
2 < 3 (o) 3 (ortor i)

m=1 m=1

Taking the 2p-th roots on both sides yields

1

1 om m 9 9 1 m+1 m
Z, < C max [ Kpp™m™ -2 +C max (K m—1 Tmax
P mss op |z|m 1<m<4 Fp |z|m+1
Since K3 = 1, p > 3, and |z| = 0yax, We have for 1 < m < 3,

1
( ) - e e <y e
z z
and for 2 < m < 4,

1

1+1
(KB)mp“n (Umax> =

2]

|
AN
=
=
S
g
o
"
~_
=
=
(V]
|
3
i)
X
N
19
x| B
—|
"
~_
3=

The above inequality simplifies to

ﬁKo-max BK O max 2
< .
%CG|4+ E

Combining this bound with the exceptional case proves (C.7).

Now we prove Proposition 8.1. Let us first consider the general sub-Gaussian regime. By the
union bound and our sub-Gaussian tail assumption,

P <mal;x |Ey| > 2Ln> < ) P(|Eaw| > Ly) < 20 exp (—10%(D + 6)(logn)?) < 2n~ P74,
@ ab

Moreover, by Lemma 5.4, we have
P(|E|| > 34/Rmax) < 3n P74
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by selecting the constant Cj in Assumption 1.2 sufficiently large. Hence,
P((Q9)°) < 5n~ P71

From the decomposition [Dyw| = [Dyw|lqo + [Duw|l(o)e and x(E) = 1 on QY we have
‘DkuQ% < |Dvw|X(E)' Thus

‘Dvw’ < |Dvw|X(E) + ‘D”w|1(9%)c'

It follows that
P(|Dyw| = t) < P(|Dyu|X(E) = t) + P((29)°).

Then by Markov’s inequality and 0 < x < 1, for any integer p > 3,

E(|Dyw|*Px(E
R

2p
Z
= (tp> + 5TL_D_4.

We choose p = [(D + 4) logn] and in view of (C.7),

2
e C (an +p5Kamax n </8K0'max> " 5;)/(2;))) '

—D—-4

+ 5n

|2] |2 |2]
With this choice of ¢,

2p
Z
It follows that

P(|Dyw| = t) < n~P=4 4y 5~ D4 — g~ D4,

Finally, let us simplify the terms in ¢ under the choice of p. For the term e}g/ (2p ), note that by

Assumption 1.2, Ryax < 102, and v/ Ruax = Co(D + 8) K 0ax log n. We have

K< V0
Co(D + 8)logn

As discussed in Remark 1.1, 8 < Cy/log(eK) < C4/logn. Under our assumption |z| >
6/ Rana, 25Z22 < C'. Thus

81/(210) — 01/2p3/(2p) exp | — 10(D + 6) 10g2 n /BKUmax p
! 2p 2]

2
<C ~ 5000(D +6)log™n
2(D + 5)logn

> < Cexp(—500logn) = Cn =%,

Next, substituting p < (D + 5)logn and L,, = 54/ D + 6K oppax log n, we also have

ﬁKUmax
||

L K 0max log? Kompax |
pﬁ@@%)wa?—‘w and p g(maﬁaa‘og@
z z z
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Note that

(C.9)

ﬁKo'maX (/BKUmax>2
p =

|| 2|

by selecting the constant Cy sufficiently large in Assumption 1.2. Thus, we conclude that with
probability at least 1 — 6n~P—4,

+ (D +5)

K maxl —
Dyw| < C (5(1) +6) PROmaxlogn 500)

2| 2]

< C(D +6) + Cn %00,

E

We now prove the bounded sparse-entry case. In this regime, L, = coKomax and g, = 0.
Thus from (C.7), together with (C.9), we obtain

Zp <C <pCOKUmaX +p,8KUmax) '

2| 2|

Moreover, the entrywise truncation event is deterministic, i.e., max; j | E;;| < L, almost surely.
Taking p = [(D + 4) log n| and applying the same Markov argument as above, together with the
operator norm event, yields

Kopax logn
Dyw| < Cleo + Bo) (D + 6)%

with probability at least 1 — 6n~"~%. This proves part (ii) and completes the proof of Proposition
C.1.

C.1 Proof of Lemma C.2
We prove Lemma C.2 in this section. Let
Q Dp IDP

We rewrite
E[[Dvu|?X(B)] = E[(EG)vuQx(E)] - E[(LG),, Qx(E)]. (C.10)

We analyze the first term on the right-hand side of (C.10) using the cumulant expansion. For
1 < 1,7 < n, define the auxiliary functions

hij(E) := Gj,Q, 5(E) = hij(E)x(E).

Thus
BUEC)mQX(E) = JuiE | Barse)].

Let y = x(E). For [ < 3, the product rule gives

aéj ;;Z zj + Z < > al ah (az]X)
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The first term on the right-hand side is the main term estimated below. The remaining terms
contain at least one derivative of the cutoff function. We choose x so that, for 1 < a < 3,

‘asz( )‘ < CGL;a'

These derivative terms are supported in ©,\20. Using the derivative bounds proved below, to-
gether with Cauchy-Schwarz inequality and the high-probability estimate for ()¢, the total con-
tribution of the terms containing 07;x, a = 1, is absorbed into an error O(n~P=?), after increasing
Cp if necessary.

In the estimates below, we write only the terms in which no derivative falls on x. The terms
involving derivatives of x are supported on £2,,\Q2". By the same derivative estimates used below
and the probability bound for this transition region, their total contribution is negligible compared
with the final high-probability bound. We therefore record only the main terms in the moment
estimate. The remainder ¢, below refers only to the tail part of the cumulant remainder; in the
bounded sparse-entry regime this tail part is zero. Therefore, to simplify notation, we suppress the
cutoff x(F) from the main estimates. From this point on, we simply work with

fii(E) := Gjuw@

Since E is symmetric, the independent random variables are E;; (1 < ¢ < j < n). Fori < j,
we write 0;; for differentiation with respect to F;; = F;, and we set dj; := 0;;. For the diagonal
entries, J;; denotes differentiation with respect to F;;. With this convention, for x, y € R",

51’szy = (1 + (Sij)_l(Gm‘Gjy + ijGiy), (C.11)
Now, from
(EG va Z Vi Eii G @ + Z Ez] UzG]w + Uszw)Q = Z UiEijfij(E)7
Z<_] i7j

we apply the cumulant expansion Lemma C.1 to each independent entry E;; (1 < ¢ < j < n)
with [ = 2 to get

E[(EG)UwQ] = X1 + X2 +Rg,
where for k = 1, 2,
1
k= 2 i i (B )E |2k (B (C.12)
i-j

Here the k¥ = 0 cumulant term vanishes because the entries of E are centered. The remainder is
written as

Rs = > 0;RY (C.13)
,J
where
g 21
R3j = [ Eijfij(E Z k*CkJrl [awfw( )]
With these notations, we have
E[| D[] = (X1 — E[(LG),,, Q) + X2 + Rs. (C.14)

The next lemma bounds each term on the right-hand side of (C.14).
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LEMMA C.3. (i) For Xy,

2 E||D 2p—1 D 2p—2
X~ E[(LG), Q)] < 2o L) g, LDl )
3 ] 2]
(ii) For Xo,
4 E||D 2p—1 D 2p—2
|X2| < gﬁKo—maXUq’)’w‘]"i'l?g BK maxW+700p26K Omax
z z

(iii) For Rs, recalling L, from (C.3), we have
m+1

L 2p—m
IR3| <CK2,82 Z m— 1| r::il [(Dvw| +222n|> ]
(5K0maX)2

|22

+ CPp’exp (— 10(D + 6) log n)

for an absolute constant C' = 1

E[| Dy [~

Bk

Again, we emphasize that in Lemma C.3, we suppress x (£) from the notation. More precisely,
every expectation in the bounds for X, Xo, and R3 is understood to include the factor x(FE),

except for the explicitly separated cutoff-derivative terms.
With this lemma, the conclusion of Lemma C.2 follows from (C.14):

E[|Dvu X (E)] < |X1 — E[(LG),,, Q] + [ X2| + [Rs]
3 m
< OKp pm_l%E [ Dy X(E)]
m=1

m+1

2p—m
+CK2,82 Z m— 1| r’rlr?:(_l [<|Dyw‘+22| |) X(E)

(ﬁKO-max) i

+ CPp? exp (— 10(D + 6) log® n) e

In the remainder of this section, we prove Lemma C.3.

Proof of Lemma C.3 (i). From the definition of L = diag(Z?:1 U%jij)lsKn in (C.2), we

have

E[(LG)pw@] = Z i Li; G Q] Z 00} E[G};GiQ)-
7]
From (C.12), by product rule, we get

Z U'LCQ 2] 'Ljfz]( )]
= Z Vo ju;Q)]
= Z E [(0i;Gjw)Q] + Zvl Gjw(0i;Q)] -

ihj
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Plugging in 0;;Gj = (1 + d;5) 71 (Gjiij + ijGiw) by (C.11), we further obtain
X1 = Y 0o E[G};Gin@] + ) viohE [GiGiuw@] + D viohE [Gu(0:;Q)]
12 i#] 2]

Comparing with (C.15), we arrive at

X, —E[(LG),, Q] =TY +T?),

where
= E[ZUiU?jGjiijQ]a T [Z'Uz jw z]Q)]
i#]
We now provide upper bounds for T' (1) and T3,
Step 1. Estimates for T". Applying Cauchy-Schwarz, we have
2 2 2) /2
’ Z UigijGjiij’ < (Z Y zj|GZJ| ) <Z Uij|ij| )
i#] i#j i#j
Note that
sz z]|G1J|2 ZU ZUZJ|GZ]| < rgnaxZU?HGeng < 0-12nax”GYH2
7] % %

and

051G < D 1Gl? (D) 07) < Rmax| Gw[? < Runax| G,
1] i 7

We get

4 X R X 2 X
’ZW GG, ] < O/ R | G2 < 2 TmaxV Ttmax o 2 Fmax
?:7.]‘

|22 RENE

by applying (5.6) and the assumption |z| = 6+/Rmax. Consequently,

2 Umax

|T(1)| ’ |

E[|Dyw|*71].

Step 2. Estimates for T). Recall that

7@ = Zvia?jE |Guw0ij (DEy ' D) -

i7j
For p > 2, by the product rule,

aij(ng;lfﬁw) = ( - 1)(61JDW)D _25;) +p(aij§vw)|pvw|2(p_1)-
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For p = 1, the first term is absent, and the same final bound follows. Hence, it suffices to bound
the two quantities

A= sz Gjw(0ijDyw), A= sz Giw(0ij D).
We first estimate A. From the identity (21 — F)G = I, we have EG = zG — . Plugging into
D = (E— L)G = EG — LG yields
D= (z1-L)G-1.
Thus 0;;D = (21 — L)0;;G — (0;;L)G. Recall A;; from (C.1). We also have
0iiDyw = " (21 — L)GAY Gw — v (0;;L)Gw.

Denote 91 := vT (2] — L). From the definition of L in (C.2) and the partial derivative formula
(C.11), we compute

(%jls = Z ngaiijk = 2(1 + 51']')71 ZO’?kale]
k k

Hence,
v (05 0)Gw = 2(1 + 8j) ™' > 002, GriGriGsw.
s,k

It follows that

aijpvw = (1 + 5@‘)71 (GmG]‘w + G@'Giw — 22 USUEkainstw) (C.16)
s,k

We are ready to bound

‘A| ‘sz ]w az]Dvw ‘ <‘Z’U1,UZ]G]wG~'

2
Z UiaijijGﬂjGiw
i?j

+ 2‘21}1 ijvsaikainstw
s,k

- T1(2) + 7 + 17
Note that
R max _ 1| |
< —|z
\ 18
|

IL] < Bmax |G <

|
by (5.6) and our supposition |z| > 6y/Rmax. Thus [0]] < |21 — L|| < [z| + | L] < 12]2]. We will

repeatedly use Y., |Giw|? = |Gw|? < |G|

Now we estimate T1(2)7 T2(2) and Tf) respectively. For T1(2), since max; ; afj <ol
2
T < 02 2 0ill Gl - ) G2 < o?naxww\?\/E [vif2 ] 1Gil?
i j i i
" ~ 7602
< maXHGH H TGH maXHGHSHUH = 9’ n‘lQaX'
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Similarly,

157 < 020 O [illGiwl - 3. [Gul| Gl < o?nax\/z i 2 Y. |Giw|2\/2 [N e
J i i 7 J

(2

- 7602
< RGP < T

For T§2), observe that

Z ‘USUEkHGsw’ < U?naxZ |vs||Gsw| < Urzna)(”GH
S S

and

(GGl < \/Z Gl2 Y Gl < |G
k k k

by Cauchy-Schwarz inequality. We further have

2
T < 202 |G Y. Jvio| - 103Gl < 2020 |G D 10if20%, > 02[Gul?
1, 1,J

i7j
2 3 2 2 4 801r2nax
< 200, Gll \/RmaX\/RmaanwH < 2040 Pmax | G| < 9[22
Combining the above estimates, we obtain
N 7602, 7602 N 802 16007, _ 1807,
92 9022 7 92 92 T e

The same estimate holds fOL 1_&.7 Indeed, since (%jfvw = 0;;Dyw, the preceding argument
applies with G, L, z replaced by G, L, Z. Hence,

Finally, we bound

T®)| < (p— V)|E[|A] - D2,* D}, ]| + PIE[JA] - Do [*P~ V]|
36po>

< T‘;a" [1 Do 7],

This completes the proof of Lemma C.3 (i).

Proof of Lemma C.3 (ii). For brevity, we suppress the harmless distinction between Dﬁ;lﬁﬁw
and Dgf{l. The argument with complex conjugates is identical, using 0;; Dy = 03Dy -
Recall that

1
Xz =Y v 5 C3(Ei) E[05(Gjw D )]
i7j
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Using the Leibniz rule and our assumption |C3(E;;)| = \E(Ef’])] BK 0 maxa?:, we get

’L]’

\Xg\gﬂKamaXZ [Em\%\a? (Gl - 105, (C.17)

We estimate the three values s = 0, 1, 2 separately.

3 leikor} 105 (G
Z?]

e Case 1: s = 0. We estimate

Using
05,G = 21G(AYG)?,

one obtains

D wilof |05 (Gu)l < 23 [vilodief GATGYPw| =23 (D] |vilo) - |e] GATG)?wl.
Let v = (|v;|) and v is still a unit vector. By Cauchy-Schwartz, together with [A¥| < 1, we get

2 ..
D uiled|05 (Gl <2 D1 (D odvi)” D leFGATG)2w]?
1,J J i J
= 2|2v] - [GAYG)Y*w| < 2|2 - |G

Since [|X]| < A/|Z]1 - |Z]eo = Rmax |G| < 2/|2| and |z| = 64/ Rpax, this gives

Rpmax 41
Z|vl|azj|azj( Jw)|\ 16 |ZZ 9|Z|

7.]

Therefore, the contribution from the s = 0 term in (C.17) is bounded by

E|Dye|?P~1

4
" K max
9/8 o a |Z|

e Case 2: s = 1. We estimate

E[Z |vilo7;10i5 G - |3ij(173$_1)\]-

7
From (C.11), we first have
0ijGjw = (1+ 63j) 7 (GijGjw + Gj;Giw)-

By the chain rule,
1055 (D2 < 2p| Dy [P 72|05 Do

Recall from (C.16) that

0ijDow = (1 + i)~ <Gm'ij + G5Giw — ’C)7
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where for brevity we define

K =23 002 GriGriGow.
s,k

We also recall that o1 := vT (2] — L) and |7 < 18 z|.
For vectors v, w, we w111 repeatedly use the following estimates:

Z Giwl? = |Gw|? < |G| |w]? (C.18)

Consequently, by the Cauchy-Schwarz inequality,

2 NiGaul < [GlIVIIw - and Y 1Gy;Gjul < |GV]|Gw] < [GPIV]Iw].  (C.19)
i j

It follows that

K| < 2070 D 0:Gon| - | Y GarGij| < 207G (C.20)
s k

Now we are ready to estimate

Z "Uz (az]G]w)(az]Dvw)‘ < Z ‘Uz (Gz]G]w + G]]sz>(szij + ijsz)‘

4,3 4,3
+ Y iod(GijGjw + G Giw)K]. (C.21)

i?j

For the first term on the right-hand side of (C.21), expanding the product yields four terms.
We bound each respectively using (C.18) and (C.19):

D 0iod|GiiGiwGriGiu| < 0maxl Gl D iG] D 1G jul® < 0 IGI*7])-
i J

1,J

Zlvz 03i1Gi;Gju GGl < Tmax| G Y, [0iGin] Y 1G]l Gl < omnax|GI 0]
i j

ZWL zJHG]JG“UGMG]w| UmaXHGH Zm m|2|‘7w Gjw| < Omaxv maXHG” [o]®

,J

Z|Uz z]||G]]GZwG'U]G“U| UmaXHGH Zh}l Zw’Z|UlJ G5jl < omaxV/ Rmax HG” [o]B

7.7

Summing these estimates and using the fact that O'max OmaxV RBmax, We obtain

D |0iodi(GijGhw + GjiGin) (GriGiw + GrjGiw)| < 40max\/ Raax | G| * 7]

1,J
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For the second term on the right-hand side of (C.21), note that by (C.20)

D 0io?i(GijGiw + G Giw)K| < 200 |G Y l0ioFi1 (|G Gl + 1G5 Gil)
i i
< 4Ur2nameaXHG“5a

where in the last inequality, we apply (C.19) to bound

Elvm?j!\GinijK Z”z ZJ’GZJ‘Q ZUU\Gng OmaxV maXHGH2
7]

1,J

and
2 [iodil1Gyi Gl < G| Y 10il| Gl Y07 < Runax |G-
.3 ( J
Combining the above estimates, we have
3 10102 (245G (@5 Dus)| < 40y R |G 3] + 402 Rrnax| G-
4,3
Using (5.6) and our assumption |z| = 64/Rpax, we further have

|z| 2% 19|z iy |2* 2° _ 640max
Omax S
6 |2|* 18 86 (25 T[22

Z ’vl (aUGJ”LU)(aZJDvw)‘ X 4Umax

1]
Consequently, the contribution from the s = 1 term in (C.17) is bounded by

2 2p—1 E|DW|2P_2
BK omasE| 3 ilo? 101Gl - 105D )| < 128p 8K 0
Z’7j

e Case 3: s = 2. We estimate
B[ ) 01102 1Gul 03, (D2 D)
1,

The second derivative gives
|82 (DQp 1) ’ < 2p’Dvw|2p_2|ai2jDvw| =+ 4p2‘Dvw’2p_3|aijDvw’2-

Hence,

E| ), Il |Gyl (D2

?.]
< 20| Y 101103 Gull 03 Do Dons 72| + 4%E| Y 1031031035 P Do T P2)

i,j 1,J

‘We first estimate

Z|vi“7i2j‘ij||az‘2jDvw’~

i!j
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From (C.16), we have
aijvw = (1 + 51']')71 [aij(Gmij) + 8¢j(G5jGiw) — 8in]
and thus

D vio? G s (65 Duu)| <2|W Giwdij (GG \+21v,ajejwaij(agjc;iw)|

7]
+ Z 0507 G035 K. (C.23)
ihj
The first two terms on the right-hand side of (C.23) can be estimated similarly. We provide the
calculation for the first term. By (C.11),

Z’W Giw0ij (GGl

< Z [|UZUZ]G]w(G’ﬁiGij + G5]G11)| + |Ui0'z‘2jijGii(Gijij + G]JG“U)H
4,J

Note that each term on the right-hand side is bounded by (02, + Tmaxyv/Rmax )|G|*|7] by
applying (C.18) and (C.19). For instance,

Z|Uz0 G2, (GyiGij + Gy Gai) |

i jw
< UmaxHGH 210Gl Y Gl + omax| GIP[7] Y 1Gju* Y lviois]
7 J 7 7

< (012nax + Omax\/ Bmax )HGH4”5H

Continuing from (C.23), we have
D 105075 Gu (0 Do) | < 80maxy/ Runax |G [T + ) [0:Guii K.
.3 12
It remains to estimate 5, ; [v;Gj,0;; K|, where
6ijIC = 22 ’UsUzkaij(Gkinstw).
s,k

We first estimate |0;;/C|. Expanding 0;;(GiGk;Gsw) using the product rule and (C.11) yields
several terms, each of which admits a similar treatment. We present the calculation for one repre-
sentative term. For instance,

D W02 (05Gri) G Gaw| < O Y 0s(GriGij + GijGij) Gy Gsul
S,k} S,k

< O lGI Y 105G | D (1Gil + |Girg )| G|
s k

< 207G
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where we applied (C.18) and (C.19) in the last inequality. Hence,

‘aw’c| 12 UmaxHGH4
and by Cauchy-Schwarz and (C.18),
D 10i07G0iK] < 1207501 [GI* Y [0i0F,G o] < 12071 [GI* - Rinax |Gl = 120705 Rnax |G-
1;7] 47]’

Finally, using |z| = 64/ Rmax and |G| < 2/|z|, we have

3 10107 G oo (82 Dows)| < 80maxy Renax |G [7] + 12020y Runa | G
i,
’Z’ 24 19’2‘ ’2’3 2° Omax
+ 12 ——— < 25 .
6 21 18 M6 [ EE

(C.24)

\8 max

Next, we bound
D |vilod| G105 Duw| .
i7j
Continuing from (C.16), we get

(03;Duw)? = (1 + 517)—2[((;52-(;]-“, + G Gin)? + K2 — 2K(G5iGu + ngGm)],
where

K =2 0,0%GriGriGsw.
s,k

Plugging this expansion into Z” |Uz-ij(&ijDvw)2 ,
D 1005l K1 < (2070 |GIP)? D 10607 |G| < 40k |GI° - Rinax |G-
i, 12
Next, using (C.18) and (C.19), we also have
22 vi05;Gw(G5iGiw + G5;Giw) K|

40 ol G| <§ 0iGi - |Gywl® + ) [0iGiw| Y !ijGEj|>
i 7 7
1G]]

max ‘

Finally, we claim that

Z 005G (GG + GrjGin)?| < doma|GI° 7]

To see this, we expand the square in the summation and show that each term is bounded by
2 using a similar calculation with (C.18) and (C.19). For instance,

2 0iG G5 G| < IGIP[T] ) lviGwl ) 1Gju* < IGIPI5)?,

Y] i J
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and the remaining terms are estimated in the same manner.

Hence, together with ||| < 13|2|, we get

Z 1007,G ju (01 Pow)?| < 40 ax Rinax |G + 80masc |G [T] + o7 |G [T

i SN A L L Y
PR R 2 |2)* 18 2> 182 |22
(C.25)
We continue from (C.22) to get
E[Dyy|?P~2 E[Dyy|?P~3

I:Z ‘UZ|Uz]|GJwH(92 (D2p 1)’] < 50p0maxT + 700 2 r2nax ‘Z|3
7]

Thus, the contribution from the s = 2 term in (C.17) is bounded by

K] 3 o Gyl
Dy E[Dy [~

< 50pBKo?
|22

+ 700p*BK o3 .

maXT
Combining all the above estimates completes the proof of Lemma C.3 (ii).

A third-order bound for the remainder term. Before turning to the remainder term, we record
an additional derivative estimate required by the cumulant remainder formula in Lemma C.1. This
estimate serves as a third-order analogue of those used in bounding X5 above, corresponding to
the third-order derivatives of
2p—1
ijlpvgj .

The argument follows the structure of the s = 0, 1,2 cases in the proof of Lemma C.3 (ii). We
isolate this estimate here for use in the remainder analysis.
Recall from the truncation parameter L,, from (C.3). For 1 < 4,j < n and |z| < L,, let

E9@) .= B4 (z — E;j)AY,  GY@)(2):= (2] — EV@)~1
Define
L@ = diag(ly™, ..., 1@y with 1Y) .= Z oR G,
and
D) .= (B9 _ [EIENGEE) (4),
We use the notation D%x) = vTDU@)yy and G%x) = TGy, Set

2p—1

B0 o G40 (024
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Recall from (C.4) the event

Q, = {|E < 3.5V Rax,  max|Eu| < 2Ln} .
a,

The goal is to prove the following estimate on the event €2, (the support of x(F)):

4 om—1 2p—m
Z|Uzlaw s‘up 5@]fz] (B9 ‘ C Z P |z$‘tl (]Dvw|+22’ ‘> (C.26)

1, r|<Lp m=1

for an absolute constant C' > 0.
We start with some preliminary estimates. On the event €2,,, we have, for |z| < L,

IBY| < B + (o] + B Aij]| < 3.5v R + 3Ln < 4V Bmax - (€27)

provided the constant Cj in Assumption 1.2 is chosen sufficiently large. Hence, for |z| = 61/ Rmax,
by the Neumann expansion, we have

3

G (3) < 2.
<7

(C.28)
Next, we show that

sup |DH@®) —Dy,| < 29t

Jal<Ln 2|
To see this, for |z| < L,,, we bound
[DH) D] = (DI — D] < DY) — D]
From the definitions of D(*) and D, we further have

DS = Dyl < |(BV®) — LYD)GIW) (2) — (E — L)G(2)|
= |[(EY®) — B) — (L7 — L)]GYD(z) + (B~ L)(GY?(2) — G(2))]
< (|1B9® — B| + |27 — LG (2)| + (IE] + |LDIGYD (2) = G()].

For simplicity, denote P := E% @) _ p = (x — Eij)Aij. Similar to (C.27), we have
|EY® — B[ = |PY| < (2| + | Eyl)|Aij] < 3L
Next, by the resolvent identity, we have
GI@) (2) — G(z) = GI@) () PUG(z)
Thus, by (C.28) and (5.6),

|67 (2) = G| = 69 @) - |1PY] - |6(E)] < 18175
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Then

|9 — L = max 176 — 1] = max Z o% |G (2) — Gri(2)]

< RuuslGI0)(2) = G| < 181,75 < G,
by the assumption |z| > 64/Ryax. Similarly,
Rmax
|L] = max|ls| < maxZ 02 |G (2)] < Rumax| G(2)]| < 2 "

It follows that
IE] + L] <

max

Rmax 7 1
<
| ( ¥ 18)' -

3 L 7 1\ L L
DY@ D, <1052 + 18 —= 5T 15 ) 1= 220
| VW vw| |z| + 18 |Z| |Z|

Combining the above estimates, we conclude that

Thus

g L
sup | Dy, (z)| < [Dyw| + 2277

|z|<Ln |2|

(C.29)

Now, we proceed to the proof of (C.26). By the Leibniz rule,

& fiy (BI@) = i C’) (agj—sgéglgm) (agj(Di%x))Qp—1>.

s=0

We estimate the four cases s = 0, 1, 2, 3 separately. The cases s = 0, 1, 2 follow similar arguments
to those used for X5 in (C.17).
First, for s = 0, using
@%Gij(w) = 31IGT@ (AT GI@))3

and the same estimate used for the s = 0 term in the X9 bound, we get

34 27
2|vzr%raw A7) < Ol GV < R 7 < 5
Therefore,
2p—1 )|2p—1
Z|Uz|0w| ij Jw | |(DZ]( )) P < 2[z |2| Zj(x %P~

Next, for s = 1, since

|0 (DYS)PP 1| < 2p DY P20y DY),
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we aim to bound

Z [vilo;105,G3, (2)1105 DR |-

This is proved exactly as the s = 1 estimate for Xo, but with an extra factor of G. We sketch the
key steps here. Expand

aurD;]u(}:c) — (1 + 5ij)_1 (GZJ( )G ( ) + GEJ( )GU(JB) _ Km) ’

where oY := vT (2] — L7(*)) and
= 2sz oG GG,

Since
Rmax 1

< 5 )
o S 12

IO < max 3 o3|GIO ()] € R GIO(2)] < 3

we have [0} | < 13|2|. Similar to (C.20), we obtain
K| < 200, |G,
For the second derivative of the resolvent

aQG 3 () 2(1 + 5”)—2[((6;3(5))2 + GZZ(w)G;JJ(x))GZ j(x )+ QGZJ(w)GU(x)Gi (@]7

1] jw w

we apply the crude upper bound

102G < 4]GT@ 2 (16ED| +1GEW)).

17 jw
Multiplying this by the expansion of (%jD%x)
mates used for X5, we obtain

Z‘UJU”’ ij ]w H@lﬂ)” < 160maxy maXHGl] H H%“"‘m‘Tmax maXHGU H6

||\ 3° [13]z] |2 3°
<16 &l 16 2
max < =p 12 ) TP\ 516 ) e

<702 Omax 54 Omax 7560max.
EERRIPE EE

and applying the identical Cauchy-Schwarz esti-

Hence the s = 1 contribution is bounded by

1512p |m’a3"yD i(@)|2p=2

For s = 2, we use

133 (D)) | < 2pI D) P23 D) | + 4p? D) =20, DI,
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The first estimate needed is
2. lvilodi 105G, (2)1165, D5, ().
,J
Using \&,]G | < 2|GY x)H(|G | + \G i(e) |) and multiplying by the bounds established in
(C.24), we pull out an extra factor of 2||G%(*)| and double the sum to account for |Gjy|:
2 0ilo? 105 GI N0 DI < 320wy Runase | GTO P, + 4807 15 Rinax |G
1,J
< 1404 ﬁ@j‘ + 162 |m|§" = 15667“]3".
We also require the estimate for

ZI%I%!%G” (@)105DES .

Again, using laijGj- i) < 9|Gi x)H(|G” )|+ |G )|) to the estimates from (C.25) yields:

il 5, GE 1 DED P < 24021 | G 1% 2 + 1607 R T
7]
30 /169|z|? 124 38
< 2407 e 1602 =
Um“lzlﬁ( 14z ) 0%max\ 1206 ) 1o
O-IleaX

Therefore, the total s = 2 contribution is bounded by

0|'m’z;><|DzJ |2p 2 +Cp 20 |m|ZX|D x)‘2p 3

Finally, for s = 3, applying the generalized chain rule (Fa di Bruno’s formula [45, p. 137]) to
the third derivative of (D)2~ yields:

35 (@E)r1)| < 201880 22108 DY)
+ 12p% | D=3 0, D) |02, D]
+8p ’D” |2p 4|aijDvw )| .

Bounding this requires three separate estimates:

7 Umax
S oilo2 |G |63 DO < ¢y il (C.30)
1,
2
wl\x % g Omax
2|vzr%rG“ 10D NNAFDE] < Co 2 (€31)
3
1j(z i O max
Z|vz|%|ga( 16, DE@ 3 < Oy |z|a57 (C.32)
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where C1, Cy, C3 > 0 are absolute constants (which are all bounded 10°).
We briefly sketch the proof of these estimates. For (C.30), from the identity D = (21 — L)G —
I, we have

03D = (2I — L)33,G — 3(0;;L)0%G — 3(6%,L)8;G — (93, L)G.

Then we multiply this expansion with \v1|a |G | and sum over i, j. The first term is bounded

by expanding 03;G' = 3!G(AYG)?. The factor ]G” (%)| combined with the variance weight gener-
ates one factor of oy .y, While the remaining Green functions are controlled by (C.18) and (C.19).
This yields the C' 0'max|2| 2 bound. The terms containing @‘?JL are handled by expanding

ols = Y 025G,
k

together with
05GET ] < CalGI@ o=t 3 G
se{i,j}

and the Cauchy-Schwarz inequality. This proves (C.30). -

The estimates (C.31) and (C.32) follow by combining the already proved bounds for ¢; ij,]u(,x)
and 07 DI and the factor \G” (7)| * Note that each additional &;;D contributes one factor
O max / \z| in the estimate, exactly as in the s = 2 case of the X5 estimate.

Consequently, the s = 3 contribution is bounded by

2p010|'21|3;(|p |2p 2+12p C |m|zZX|D'Lj(:c ’2p 3+8p C |m|%X|DU(:E ’2}7 4

Combining the four cases s = 0, 1, 2, 3 yields

4
Z|Uz|0'zj sup 2 <Gz](a?)(rDl]( 2p 1)‘ C Z pm ‘ F::il |1Dz](x)|2p—m. (C.33)

|z|<L m=1

Using \D%z)| < |Dyw| + 22L,,/|2| from (C.29), we finally obtain

() 4 om-1 L, \ ™™

ij(x i — —1_max il

E |Uz|0zy stlup ij (Gﬂw (D%%E’”))Q” 1)‘ <C 2 p" ! ’Z|n?+1 <|DW| + 22|z|> ’
m=1

This proves (C.26).

Proof of Lemma C.3 (iii). We estimate the remainder term in the cumulant expansion with
[ = 2. Recall from (C.13) that N
Ry = Z vRY.

1:7.]‘
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By Lemma C.1,

Rs| < ) |viRY
i

< 162 | E[|Ei|*] E [sup 103 fi (EY + xAY)| (Term 1)

i.j |zt

1/2
g 1/2
+16 | <E[ sup ||a§jfij<Ew<w>>\2D (B [1B5F 15,154 )) (Term 2)
7:7.]‘

|z|<| B

We choose ¢t = L,,. In the general sub-Gaussian regime, L,, = 5v/D + 6 Konax logn, , while in
the bounded sparse-entry regime, it is equal to zero. Here, as before, the cutoff x is suppressed
from the notation. Also, as explained in the beginning of Section C.1, terms with derivatives
applied to x are negligible.

Let us consider the general sub-Gaussian regime. We first estimate Term 1. Set

0 := K omax-

By Assumption 1.1,
E|Eij|4 < B2K2O_r2naxo'i2j = 920'%-.

Hence, by (C.26), the contribution from Term 1 is bounded by

16 ), [v[E [ B[] E [ sup |85, fiy(BY + wAV)|

[N |z|<Lnp

< 16922 ‘U1|U,L2]E [ sup a%fzj(EZ]($)>’]
ij |z|<Ln

4 O_m_l L, 2p—m
< 002 2 pmfl ’Z|H;r2:—)&(-l <‘Dvw| + 22|Z|> .
m=1

It remains to estimate Term 2. By the sub-Gaussian tail assumption, we have

1/2
(E [\E,-j|81{,Eij|>Ln}]) < 6202 exp(—10(D + 6) log? n). (C.34)

To see this, note that the case o;; = 0 is trivial. For o;; > 0, write E;; = 04;&;; with [|§] 4, < K.
A standard sub-Gaussian tail integration yields

8 2
L L
B[18 P15, -1 | < Ol <1 " K;) o <_K2Z2.)

12
=C(Koi; + Ln)8 exp <—") ) (C.35)

Because 0;; < omax and L, = 5v/ D + 6 K oyax log n, we bound

(KO'ij + Ln)s < CD4K80-18nax(10g n)S'
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Moreover, we write

1.2 afj oh o2 )
exp (— K;;Z-Qj) =~ ;nfx exp | —25(D + 6) ;n;X log“n

max i i

4

o
< — % exp (—25(D + 6) log®n),

max

where we used the fact that the function y — 32 exp(—cy) is strictly decreasing for y > 1 and
large ¢ > 0, and then 2 exp(—cy) < exp(—c).
Thus, the right-hand side of (C.35) is bounded by CD*K®0% ot (logn)® exp(—25(D +

max"” ij

6) log? n). To get the desired bound (C.34), we only need this quantity
D*K80? ot (logn)® exp(—25(D + 6)log?n) < 94021]. exp(—20(D + 6) log? n),

max" 1)
where 6 = K opax. Since 8 > 1, we require
exp(25(D + 6) log?n) = D*K* exp(20(D + 6)log? n). (C.36)
We now use Assumption 1.2. Since Ryax < 102, and v/Ruax = Co(D + 8) K omay logn, we
have
K < vn
Co(D + 8)logn

Hence, (C.36) holds and (C.34) is proved.
Now, Term 2 is bounded by

12

g /

16 ) Jvil (E[ sup a?jfij(EZj(x))F]) (E [|Eij|81|Eij|>t:|)12
i

|z|<| E4j |

1/2
2
< Cexp(—10(D + 6)log? n)6> Z <E [ sup ’\vﬂagj&?jfij(E”(”))‘ ]) .
|

ij |z|<|Esj

Recall that the cutoff y is suppressed from the notation. On the support €2,, of x, (C.33) holds.
Moreover, by (C.27) and (C.28), we also have this crude bound

DY@ = |(E¥@ — Li@)GuE)| < O,

Therefore,
|DU@2mm < oP 1< m < 4.
It follows from (C.33) that
2 A3 TONE . - | T
E| sup ’v‘ 0507 fii (B9 ’ < CP pltT A
jel<| 5] 173500 i (B mzzl |2+

Since omax < vV Rmax < |2|/6, we simplify this bound to

|z|<| By

1/2
2 1
(E[ sup ‘]vi\ogjﬁ%fij(E”(z))‘ ]) < CPpP—.
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Combining the above bound and (C.34), the total contribution of Term 2 is bounded by

1/2
162‘”” (E[ sup ‘az]flJ(E] ))’ ]) <E [|Eij‘81\Eij\>t]>l/2
,J

|z[<|Eij
2

< CPpdexp (—10(D + 6) log? n)—s R

2p—m
(\Dwr+22| |)

m—1 O.lrnn;;(l pm
KB Z p |m+1 |Dvw‘ + 22| ’

The bounded sparse-entry regime follows the same approach. Indeed, the Term 2 in the bound for
|R3| is equal to zero because max; j |E;j| < L, almost surely. This simplifies the derivation. We
skip the details. The proof of Lemma C.3 is now complete.

Finally, we arrive at

om— 1 2

IR3| < C0? Z p™" 1‘ Ffﬁl + CPp? exp ( — 10(D + 6) log? n)

[ER

2
+ CPp3 exp ( —10(D + 6)log? n)

|21*

D Proof of Proposition 8.2

Recall that

H = diag(h,... . hn),  hi= Y, 0565

L =diag(l,....ln), li=) 05Gj;

Set
D:=(E—-L)G, Dy :=elDe.

Note that max; |¢;(2)| < ﬁ by Lemma 5.1. Define

d; := ¢i — Gij, d:=(di,...,dy)"
We first bound |d|s. From (21 — E)G = I, we have EG = zG — I. Therefore, taking the
(¢,1)-entry of D = (E — L)G yields
Dy = (EG)ii — LiGii = (2 — ;) Gy — 1.
Equivalently,
(Z — ll)Gu =1+7Dy;.
On the other hand, we have from the QVE that (z — h;)¢; = 1. Thus
(z = hi)(¢i — Gii) = (2 = hi) i — (2 — i) Gii
=1- (Z — hz)G“
= (2 —1;)Gii — Dis — (2 — hi)Gis
= (hi — 1;)Gii — Di;.
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Multiplying by ¢;, since ¢; = (z — h;) ™!, yields
di = $iGii(hi — ;) — $iDi;. (D.1)
Moreover,
hi—li = Y. o5i(¢; — Gjj) = . o5yd;.
j=1 J=1
Substituting this into (D.1), we obtain
di = ¢iGii< > J?j)dj — ¢iDi;.
j=1

Thus, by taking the ¢, norm, we get

Id]oo < max |9:Gii| - Rmax||dloo + max |pi] - max |Diil-
Since 3 5 3
G < _— = —
MGG S o T T TP
we bound -~
[[[S |TQaXHdHoc 3 |maX\Du\

Since |z|? > 36 Ryax by our assumption, we further obtain

2
ld|ee < —
E

We now return to v* (L — H)Gw. Since v, w are unit vectors,

i

vH(L — H)Gw| < |L - H] - |G,

where
n
1L~ H| = max| Y 0%(Gy; — 6)| < Runac
j=1
Combining this with |G| < 2/|z| and (D.2), we arrive at

4R 1
WYL — H)Guw| < ﬁ max [Dy] < § max Dyl (D.3)

To bound D;;, we apply Proposition 8.1 with v = w = e; and take a union bound to obtain

m
max |Dj;| < (D + n_500>

1<i<n ‘Z‘

with probability at least 1 — n~?~%. In the bounded sparse-entry regime, the analogous bound
follows without the n 5% term.
Combining the above estimate with (D.3) proves Proposition 8.2.
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E Proof of Corollary 2

Write
E(z) = G(z) — @(2).

We start with the following consequence of the isotropic local law:

COROLLARY 3 (Compressed local law on the signal subspace). Fix D > 0. Suppose the assump-
tions of Theorem 4 hold. Then, for every fixed z € C with |z| = 6+/Rmax, with probability at
least 1 — n—P—2,

HUT(G(z) —®(2))U| < Cr—p5

Proof of Corollary 3. Since

[UT(G(2) — @)U < [UT(G(z) — (DU = | Y. |eTUT(G(2) — @(2))Ue[*

ij=1
< r max feiTUT(G(z) — ®(2))Uej|,
1<i,j<r
the conclusion of Corollary 3 follows directly from Theorem 4 and the union bounds. O

To extend the pointwise bound Corollary 3 to the spectral domain Soyt := {z € C : 64/ Rpax <

|z] < 2R3}, we use a standard e-net argument. Set
. rmp
7 := min {1, —} .
20

Let /\/77 be a n-net of Syt A simple volume argument (see for instance [74, Lemma 3.3]) shows

that )
8R3
N, < (1 + ;7“3") )

Since Rpax < 1'% and 0! < n'%, we have mp > en =19 for an absolute constant ¢ > 0.

max ~3
Thus R ,../n < C'n1% and [N, | < CnB%.
Applying Corollary 3 with D; = D + 810 and taking a union bound over z € V;,, we obtain

P ( max 2> |[UTE(2)U| = Crmp, | < [Nyln P78 < n=P710,
ze/\/n
Using mp, = mpg10 < C'mp, we establish that with probability at least 1 — n =210,

22%/): B HUTE(z)UH < Crmp.

Now we extend the estimate from J\@7 to the whole domain S,,;. Define
f(z):= 22UTG(2)U, g(z) := 22U D (2)U.

We first show that f and g are Lipschitz on S.
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Let z,w € Sout and assume without loss of generality that |z| > |w| = 64/Rmax. By the
resolvent identity,

G(z) — G(w) = (w — 2)G(2)G(w).
Using |G (2)|| < 2/|z| and |G(w)]|| < 2/|w|, we get

1f(z) = f(w)]| < lz]lz = wl|G(2)] + [wl]z — wl|G(2)]
+w?|G(2) = G(w)]
< 2|z — w| +2M]z—wl —1—4@]2—10]
2] ]
< 8|z — w.
Hence f is 8-Lipschitz on S.
Next we prove the Lipschitz bound for g. For each i € [n], the QVE gives

L =z — 0'.2. (2 1 = — 02‘ (w
bi(2) ; 1903 (2), () ; 505(w).

Subtracting the two identities and multiplying by ¢;(z)¢®;(w), we obtain
¢i(2) — di(w) = ¢i(2)gi(w) |w— 2z + Za?j(d)j(z) — ¢;(w))
J

Therefore, by Lemma 5.1,

9
D(z)— @ < —(]z— Rax|®(2) — @ :
|@(2) — @(w)] Aelw] (Iz = w| + Rimax|®(2) — ®(w)])
Since |z||w| = 36 Rmax, We have
9Rmax _ 1
< R
4)z||w| ~ 16
Thus,
12 |z — w]
[@(2) — @(w)| < —
5 |2l |w]

Using again Lemma 5.1, we have ||®(z)| < 3/(2|z|). Hence

lo(2) — g)] < [2llz — wll ()] + = — wll2()
+uPl() ~ (w)]

Sl gy 21y

2 |z

< ole—ul+

< 6|z —w|.

Therefore g is 6-Lipschitz on S.
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Now take any z € Sout. By the definition of the 7-net, there exists w € N, such that |z — w| <
1. Then

2 [UTEE)U] = If(2) = 9(2)]
[£(2) = f(w)]| + [ f (w) = g(w)] + [g(w) — g(2)]

<
< Un + [w]? |UTE(w)U]| .

mp

Since n < 5, we get

14rmp

sup |22 |UTE()U| <

+ Crmp < C”rmD
Zesout 2

with probability at least 1 — n~?~10. This completes the proof of (6.1).
The proof of (6.2) is identical to the proof of (6.1). One applies Theorem 4 to the pairs (e;, ug)
for i € [n] and a € [r], takes a union bound over ¢, a, and uses the same net argument over Syt
Finally,
el QE(2)U = el E(2)U — e] U - UTE(2)U,

so (6.3) follows from (6.2) and (6.1).

F Proofs of (2.3) and (2.4)

We provide the proofs of (2.3) and (2.4) below.
Proof of (2.3): First, by [25, Exercises VII. 1. 9 1.11],

Isin Z(Uy.s, ﬁl:S)H = ||(I - PUz;S)ﬁl:sH = HPUﬁS ﬁl:SH-
From the decomposition Py, , = Py, — Py, ,, we can express
PUZJ:‘S = I - PUl:s = (I - PUS) + PUl—l = PUSJ‘ + PUl—l‘

It follows that B B B
HPUL%S Ul:s” < HPUSLUZ:SH + ||PU171UZ:8H' (.1

For the first term, observe that the columns of U, 1.5 are a subset of the columns of ﬁs. Thus
1PysTial < [Py Tl = [[sin £(Us, T
For the second term in (F.1), since 171:8 is orthogonal to (7;_1, we have P . ﬁl:s = (7;;5. Then
-1
Py, Ups = PUl_lpﬁlilﬁl:sy
and therefore,

|Po, - Pe Uil < |1 Pvy Pyo |- [Uts| = |[sin £(Ui-1, Ur-1)]-
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Substituting these two bounds back into (F.1) completes the proof of (2.3).

Proof of (2.4): Let ULU., = WDV be the singular value decomposition. We choose O =
WVT and then decompose

Ups — UpsO = (I — Py, )Ups + Py, . (Ups — Ups0)

= (I — Py, )Ups + Ups(ULUps — O).
Taking the 2 — oo norm and applying the triangle inequality yields
[Utis = UrisOllzco < (I = Pui )Usllz,00 + |Ukis (UL Utis = O) e (F2)
By our choice of O, the second term in (F.2) is bounded by

U W (D — DV .00 < |Us|loo|[W (T = D)WV = |Ups

2,001 = DI

Note that the diagonal entries of D are the cosines of the principal angles ;. The entries of I — D?
are exactly sin? §;. Because D > 0, we have I — D < I — D2, which implies

|1 = D < I = D?|| = |[sin £(Us, Uss)|I*

This proves the main inequality in (2.4). It remains to bound | (I — PUZ:S)[}I: sll2,00. Using I —
Py,, = — Py,) + Py,_,, we expand

(I — Py, YUps = (I — Py,)Ups + Py,_, U,

Thus

I(I = Pu,)Utisl2.00 < I = Pu,)Utisll200 + |1 Pu_y Utis 2,00 (F.3)

For the first term, since (I — Py )Uy., consists of a subset of the columns of (I — Py, )Us, we get
I(T = Pu,)Usll2.c0 < (T = Pu,)Us|l2,00-
For the second term, plugging in P, |, = U;_4 UlT_l, we find

| Py, Ussl2,c0 = |Ui—1 (U, Upis) 2,00 [ U1 Upis .

2.0 < ||Ui—1

Finally, because (7;:5 is orthogonal to 17;_1, we obtain
UL Ursl| = ||U1T71P(7l£1[71:s“ < |\U1T71szlg1|\||(7l:s” = | sin Z(Uy—1,Up-1)].

Substituting these bounds into (F.3) finishes the proof.
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G Extension to rectangular matrices: singular subspace perturba-
tions

We briefly discuss the extension of current results to the rectangular model:
X =X +EeR"™,

where X = USVT = 3| oyu;v] is a rank r matrix with singular values oy > 09 > -+ >
o, > 0. The random noise matrix £ has i.i.d. entries with E(E;;) = 0 and E(Ef]) = aizj. Denote
Y= (afj) € R™*"2_ The entries of E are sub-Gaussian with a variance profile: | £y, < Koyj.

Using the standard Hermitian dilation (or linearization), we embed the rectangular matrices
into larger symmetric block matrices by considering the (n; + n2) x (n1 + ng) augmented sym-

metric matrices:
0 X 0 F ~
A (2 ) B (5 ) Aoavm
The nonzero eigenvalues of A are
M=o01Z22XN=0>0> N1 =—012 2 Ngp = —0p

with corresponding eigenvectors

w; 1= ! <uj), ij:—l(uj), I<j<r
V2 \vj V2 \—vj

Let A = WDW?T, where
1 /U U
V- )

For I < [2r], we denote by W the submatrix of W formed by columns {w; : ¢ € I}. All
information about the top-£ singular subspaces U and V), is encoded in the eigenspace W7, ,
where

Io={1,... )k} u{k+1,....k+r}

Hence, we can directly translate our eigenspace perturbation results to singular subspaces. We
now introduce the relevant parameters. Define

ni n2
(L) ._ 2 (R) . _ 2
R =)ol Ry i= )0
j=1 i=1

and let R, := diag(R")1<i<n,» R := diag(R"™)1<icn,.

Raug := diag(Rr, Rr), RIVE = max{max RgL), max RJ(.R)}.
j

7

Define Mg = Mayg,p as in (2.1) with the dimension factor n; + n2 and set

R
pZ“g i= 10Myg + 15M7

Ok
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and
O := Ok — Og1-

Also, we denote V = WTRaqu. Note that

1
Viz = Wi RaugWr = 3 (UFRLUT + V3 RRVE).
We define B,"® similar to By, (2.2):
o 10VE RS v
B, & .= (S\f <||ij| +8 ;Xosc(Raug)> + 4@%
LOL G‘k Ulc

We can then directly translate eigenspace perturbation results from the symmetric model A=
A + E to the rectangular model X = X + F using the revised parameters above and the following
key relationships (see [83] for details): for any unitarily invariant norm || - ||,

max{]| sin Z(Ux, Uy)|l, | sin Z(Vi, Vi) I} < |l sin Z(W1, W) |
and

max{|Ux — Pu, Ugll2.000 | Vi — Py Vil 2,00} < [Wr — P, Wi 2,00

Specifically, this implies that the following 2 — oo bound holds with probability at least
1—n"P:

min |0 — UpO|2.
OeO(k)

aug

max Mau
2,0} (B,j“g + 30 > + 120\/Eg—g. (G.1)
k

< dmax{|U 2

2,005 HV

The same bound also holds for minpeq) Vi — ViO||2,00-

We conclude by clarifying the nature of the coupled terms in (G.1). While the dependence
on both variance profiles (R, and R ) reflects the intrinsic statistical coupling in the asymmetric
noise matrix, the dependence on the maximum joint incoherence max{|U |2, |V|2,0} and the
total dimension n; + ng is an artifact of the symmetric embedding framework. We plan to address
this limitation in future work.

H Proofs of Lemma 3.1, Proposition 3.1, (I.1) and (1.2)

H.1 Proof of Lemma 3.1

For brevity, write B
Lzs:=1-U;®\)UsA7.

For j € J, set
a;(2) == At —ug ®(2)u;.
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Recall the quantity defined in Proposition 7.2

Ai{}(x ) = A mln‘l - )\-u;r@()\ Juj| = min ()|
jeg
We first relate spin(L 7 s) to A?(Xs). Decompose
U}(b(Xs)UJ = diag(ujT(I)(Xs)Uj)jej + QJ(Xs)v
where B B
Q7 (\s) == Off (U@ (\s)U).
Then
— diag (1 — Nuld()u ) —Qs0)A
Hence o~
AUL),
Smin(Lg7,s) 2 — Qs (A)A|. (H.1)

S

We next estimate the off-diagonal term |Q 7(As)A 7. Using the expansion
B(z) = T+ SR+ (),
z z
we have B ] N
Qr(As) = ﬁOﬂ‘(VJJ) + Off (Uze(As)Uz)-

S

Since the eigenvalues in 7 are positive and bounded above by Ag. 1,

1Q7(X)A7] <

A ~
SHORWr ) + M |OFf (UF=(R)Uy)

By Lemma 5.2,

~ 15 Rpax
——o0

Lose(e(3y)) < Ele

5 sc(R).

of(UFe()Uy)| <

Therefore

1 max
5 %OSC(R). (H.2)

Ak+1
Q7 (Ae)As] < e IO (V)| + 5

S S
We now verify that the off-diagonal term in (H.1) is small compared with the diagonal part. Using
As = 2k, Rimax < 36A7, and |Off(V77)|| < osc(R), from (H.2), we get

5 Ak-‘rl 1 5
X A 84 2 R) < — (8+2) 6,
Qs (sl < (845 ) Atoselr) < 3 (545 ) o

where the last inequality again follows from the gap assumption. Since A?}(XS) > 0r/2, we get

AL ()
As

Qs Gnsl < g5 (3+7)
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Returning to (H.1), we obtain

e

Thus HL?SH < 60?—;. This proves the desired bound.

H.2 Proof of Proposition 3.1

For s € [k], the eigen-equation gives
Uy = G(A) Aty = B(X) Alis + Z(Xs) A,
where Z(z) := G(z) — ®(2). It follows that
Uty = UTOONOUAU T, + UTE)UAU .

Taking the 7 -block yields

UYa, = UTO(\)UzAz - Ut + USd (N )UsA 7 - ULt + USEN) UAU .

Collecting the U}ﬂs terms gives
(I —UF®O\)UZAS) ULt = US®(\)UzAz - UF s + USE(N)UAU .
Recall 7, from (3.1). We further get
Uty — T.ULts = (I - UL (\)Us A7) U2 UAU .
By definition and N = {r, +1,...,r},
Pyiis = UpUg s + UsU s + UnUprtis.
Combining this with (H.3), we get

woC = Pyiis — UsT.U7F s

s

= UpUFts + UnUias + Uz (I — U0 )U7A7) " UFE)U - AU .

Note that we have established in (7.6) that

max M
Pl + 24R osc(R) + 4—

Untis| < 4 :

Now we estimate the last term on the right-hand side of (H.4). We first have
AU @] < 2|A].
To see this, from (A + E)us = Xsﬁs, we have

Aty = (AT — E)s.
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Multiplying by U™ gives AUTG, = Ut A, = UT(XSI — E)us. Hence,
JAUTH | < [A] + [B] < 2/A)
by our assumption Ay = 94/ Rnax and Weyl’s inequality.

On the event £p, we have
[UTEQ)U| <

Ko*\ =

Combining these estimates with Lemma 3.1 yields

|Us (I = UF@(\)U7 A7) UFEO)U - AU |
~ ~ M
< (T - UL\ )UsA7) U= U - AU | < 120—. (H.6)
k

From (H 4) and the orthogonality of the signal subspaces, w'® — UpU ,;f us lies entirely in the
span of U- i - Combining the above bounds, we have

lwg™ = URU5as| < [UNs| + [Ug (T = UF®A)Us A7) TUFE)U - AU |

”VNICH Rmax M
<4 + 24 s¢(R) + 124—.
)\i )\% osc(R) 5,

Denote
Aorc = ( ore UkUk ULy .- orc UkUk ’U,k)

It follows immediately that

V Rmax M 0OSC
1A < A |F < VE ! Ag’c” + 247 05 (R) + 124 | = EF°.
A A% Ok
We rewrite
WOI‘C _ ( TI‘C’ . OI'C) U]{;Uk Uk + AOYC
Note that
U}(grc _ OI‘th(W]ng) WorC((W’(ﬁ)rC)TW]ng)—l/? (H7)

We aim to bound

| Py e W

in Z(U orc =P U ore|| _ | p Worc Worc TWorc 1/2 < )

Jsin £(U, UR*)) = [Py U] = [Py W (W W) ™2 < -
First, _

| Py Wil = [ Pys (UWUg Uy, + A)| = [ Py A < A%

Next, since W' = Uy, UkT U r + A%, and A° is orthogonal to Uy, we have

O'min(WorC) Um1n(UkUk Uk) = Umln(Uk Uk) \/1 - H SiHZ(Uk, ﬁk)H2
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On the event that Theorem 3 holds, || sin Z (U, Uy )| < 1/100. Thus,

Cmin (Worc ) >

l\.')\}—t

We conclude that
| sin Z(Ug, UZ™) || < 2[ A% < 2&.

For the 2 — oo norm bound, we start with the standard decomposition

min U™ — UkOllze0 < (I — Py, )UK Uk, UZ)I.

It remains to bound ||(I — Py, )Up™|2,.0. Since Py Wire = A%, from (H.7), we get
(I o PUk)UorC AorC((WkorC)TW;ﬁ)rC)fl/Q.
Thus

I(Z = Pu, U 20 < A 0| (W) W) T2

|
h Umin(W]SrC)

< 2[A%2,00-

We bound || A°||2 . From (H.4),
A = (W™ — UL UL, . . — U UL )
=UN-UNUk+Uj-B
where B := [by, - - - , bx] with columns
= (I - ULB\)UsA7)ULZO)U - AU T
In (H.6), we have v
[bs ]l < 1207
and thus
Bl < [B]F < 120f —
Also, by (H.5), we get
UR Tl < 105Dl < vk mas |05
<4k Vi“f' + 24k R;TX osc(R) + 4@%.

k k

Now we get

[T = P )UR™ 200 < 2| A% [l0.00 = 2 max e (U - ULUx + Us - B)|
(IUNTx| + [B])
< U2, <8\f”VN’C’ + 48VE “ﬁf"osc( ) + 248\/%??)

= 2 U206
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Finally, combining the bound on | sin Z(Uj,, UZ*)||, we obtain

oun |UR" = UkOll2,0 < [(I = Py )UR" 20 + |Ukll2,c0 ] sin £ (Ui, UZ™) |

< 3||U||2,00E8°C.

The proof is complete.

H.3 Proof of (I.1) and (I.2)

By the definitions of @, and w<"®, their difference is
By — W = Pyl — Pyl — (ﬁﬁ;ﬁ} Uy — UsTUT as) :
Since Pyus = us, we get B
Wi, — W2 = (I — Py)Uy — Dy,
Let A := HWk — Wpre|. Applying the triangle inequality, we bound

HIEl

A< |(I — Py)Ug| + | D] < 2 "

+ Dk

The bound in the second inequality was established in (B.2).
Similarly, taking the 2 — o0 norm yields

Ao o = W — W90 < (I — Pr)Ug2,00 + | Dk ]2,00-

Note that the assumption £7¢ + ”EH + | D]l < ¢ guarantees that £ + A < ¢ < 1/10 for a
sufficiently small absolute constant c.

Recall from the proof of Proposition 3.1 that W' = U,UT Uy, + A°, where HPUkL Were| <
|A°T| < E2¢ and HPUkLW,ngHQ,OO < &R

From the decomposition Wj, = W™ + (W, — W), we obtain

HPU]CLW]@H < ”PU,CLWISrC” 4 H/Wk — WO < £ + A
Similarly, the 2 — oo norm satisfies

W20 < U200 + A2,e0. (H.8)
Next, we lower-bound smin(/Wk). We established previously that sy, (W2™¢) > 1/2. By
Weyl’s inequality,

1 2
min min o - o a A a 1N =
Smin (W) > suain (W) = [Wh, — W™ = 55"

since A < 1/10.
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Similar to the proof of Proposition 3.1, we get

. . Py Wil 5
I sin Z(Uy, T)| = [Py O] < —2—— < (60 + A).
k Umin(Wk) 2

For the 2 — oo bound, we start with

min [T — UxO)la.0 < |(I — Py, ) TP (U, UP) |2,

OeO(k)

Since (I — PUk)ﬁ,gb = PUkL Wk (WEWk)_I/Q, we bound the first term using (H.8):

_ 1P Welzoo

[ —Py,)U® —k
I( ) A

_5
< 5 (U208 + A2,m) -

Substituting this and the bound on | sin Z(Uy, (,Af,gb)HQ back into the decomposition yields the
desired bound.

I Plug-in de-biasing implementation and limitations

To keep the discussion simple, assume in this paragraph that r and r are known and the variance
profile ¥ is known, so that ®(z) is computable from the QVE..
Define

Uj = (ak‘Jrl?' . '7ﬂ7"+)7 UI = (alv"' 7ak7a7‘++17"' 7a7’)7

with corresponding diagonal eigenvalue matrices A 7 and /N\I. Also write

U:=(,...,4), Pz:=UU".

If 7 = &, no correction is needed and we set U ,fb = ﬁk Otherwise, for s € [k], define

T, = (1 - ﬁ}@(XS)ﬁJKj) ULo()\,)UrAL,
whenever the inverse exists. The plug-in corrected vector is
@S::Pﬁﬂs—UJ’E Ius, s=1,...,k.
Note that for s < k, P= us = . Finally, set
Wi = (@1, ..., @), U := orth(Wy).

To compare this estimator with the oracle estimator, define the correction discrepancy

o~ o~ o~ k
Dy = (Uﬂ;UIT Uy — UsT,UL as)S:1 .
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Then the difference between the plug-in and oracle matrices is given by
Wi — W = (I — Py)Uy — Dy

Consequently, the accuracy of the plug-in correction is governed by the norms of this difference.
As shown in (B.2) below, | (I — Py)Uyg| < 2| E|/Ak. On the event that

E
goe + LEL 1o <
Ak

for a sufficiently small absolute constant ¢ > 0, the same argument as in Proposition 3.1 gives

Jsin 2@ U] < € (g7 + 5L+ 12 ) W)
Moreover,
Ofg(g&) [T — U090 < C[HU 2,00EX + (I — Por)Ukl2,0 + [ Dk ]2,00
Waee (7 o) | 12

The proofs of (I.1) and (I1.2) are given in Appendix H.3 for completeness.

REMARK 1.1 (Limitation and useful regimes). The plug-in correction U ,fb is not a universal
replacement for the raw empirical eigenspace U k- The term D measures the error in estimating
the oracle correction from the empirical lower-positive [J-block. This term could be large in two
situations. First, if the lower-positive block [J contains weak or poorly separated spikes, then
the empirical block U g may not estimate Uy accurately. Second, when eigenvalues are tightly
clustered (Oy, is small), the matrices 1 — U;fb()\ s)Ug A g become ill-conditioned. Inverting them
will make |Dy| blow up.

Thus the plug-in estimator is useful only when

[Dw] < €

and the removed bias is larger than the residual terms

\/E Rmax orc HEH
m (”ij + )\% OSC(R)) > gk + Tk

This condition does not require the geometric bias to vanish. It may hold, for instance, when [J
contains strong, well-separated spikes that can be accurately estimated, even if the variance profile
‘R has a large coupling between Uy and Uz. A systematic analysis of optimal fully data-driven
bias correction is left for future work.
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